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SUMMARY

The aim of this study is to develop design criteria, which account for the e�ects of earthquakes spatial
variability. The two simplest forms of this problem are dealt with: di�erential ground displacements
and di�erential structural displacements, for points and structures separated in space. The structures
considered are linear elastic single degree of freedom oscillators. These problems may seem trivial, but
some of the codes considered appear improvable on this aspect.
First, the mathematical model is set up using basic random vibration theory and the code provisions

critically examined. Then, the sensitivity of the ground and structural di�erential response is assessed.
The di�erential displacements can be mathematically expressed in a straightforward fashion, both for
the ground and the structures. These expressions are simple enough to be used as design rules.
Comparison with the European and Italian Civil Protection codes shows that these can be improved

on this aspect; and, for this reason, the Italian draft code for bridges has been mainly drafted following
the results of this study. Copyright ? 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION AND SCOPE

Simultaneous recordings of earthquakes [1, 2] in di�erent spatial points indicate that the earth-
quake accelerations di�er from one point to the other retaining a degree of similarity that can
be quanti�ed in a statistical sense. This experimental observation has led researchers in the
last twenty years to develop accurate models to de�ne the behaviour. Departing from the clas-
sical work of Luco and Wong [3] in the mid 1980s, di�erent statistical descriptions have been
proposed and �tted to the experimental data [1, 2, 4, 5], with varying degree of complexity
and accuracy.
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1354 C. NUTI AND I. VANZI

In parallel with the study of the ground behaviour, the e�ects of the earthquake spatial
variability on structures have been the object of systematic investigations. Random vibration
is a powerful tool for dealing with this problem and it has been extensively used to assess
the e�ects on linear structures. A comprehensive method for response spectrum analyses has
been, for instance, presented by Der Kiureghian and Neuenhofer [6, 7].
For non-linear structures, researchers have used either numeric analyses or equivalent

linearization procedures [8, 9]. The most important outcome of the studies [10–12] has been
unambiguous: apart from a few cases, non-synchronous action decreases the stresses with
respect to the case with synchronous actions.
There are, however, situations in which non-synchronism negatively in�uences structural be-

haviour, e.g. failure of some bridges during the Loma Prieta earthquake [13]; furthermore, deck
unseating is a frequent collapse mode for bridges, clearly governed by di�erential response,
and the design rules provided by the codes appear improvable, at least for the di�erential
displacements of ground and single degree of freedom (sdof) structures. Some codes neglect,
implicitly or explicitly, correlations between motions, and inherently fragile failures, like deck
unseating, should be dealt with a higher safety margin with respect to the other failure modes.
For the above reasons, this study is focussed on the two simplest e�ects of non-synchronism:

di�erential displacements of ground and linear elastic sdof structures. The physical model is
developed and compared with the European [14], Italian Civil Protection [15] and draft Italian
[16] code for bridges. The three codes will be, respectively, indicated with the acronyms EC8,
ICPC, DICB from now on. The relative importance of the parameters governing ground and
structural behaviour is assessed. Design rules for the codes are proposed and compared with
the results of the theoretical model.
The in�uence of earthquake spatial variability on the di�erential displacements of ground

and sdof structures is a di�cult problem to manage. Many parameters are involved, be they
soil or structure speci�c. This study succeeds in identifying the important variables. The model
does not account for important e�ects like soil–structure interaction, particular geological
conditions (which may cause the earthquake spatial variability di�er from what is assumed),
and non-linear behaviour of structures. Therefore, problem-speci�c analyses will be needed for
these cases, e.g. piles foundation in soft soil. This study intends to give systematic organization
and solution to the most frequently encountered situations.
In the model development, an interesting problem has been encountered: if the earthquake

action is speci�ed in terms of response spectra, which is the case for all the codes, the clas-
sical modi�ed Kanai–Tajimi [17, 18] power spectrum representation of the action, needed to
quantify the di�erential displacements, is incompatible with the displacement response spec-
trum at high periods. The modi�ed Kanai–Tajimi power spectrum has therefore been corrected
and the modi�cation factors are one of the results of this paper.

2. MODEL AND DEFINITION OF EARTHQUAKES THAT VARY IN SPACE

2.1. Physical and numeric model of the earthquakes

An earthquake acceleration recording at point P in space can be represented via its Fourier
expansion as a sum of sinusoids [5]:

AP(t)=
∑
K
[BPK cos(!Kt) + CPK sin(!Kt)] (1)
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EARTHQUAKE SPATIAL VARIABILITY 1355

In Equation (1), A is the measured acceleration in point P at time t, K is an index varying
from 1 to the number of circular frequencies !K considered, BPK and CPK are the amplitudes
of the K th cosine and sine functions. Assume the acceleration AP(t) is produced by a wave
moving with velocity V towards a di�erent point in space, say Q, at distance XPQ from P.
At point Q, and at time t, one would have

AQ(t) =
∑
K
[BQK cos(!K(t − �PQ)) + CQK sin(!K(t − �PQ))]

�PQ =
XPQ

V
=XPQ

(
cos( )
vapp

) (2)

In Equation (2)  is the angle between the vector of surface wave propagation and the
vector that goes from P to Q, �PQ is the time delay of the signal and vapp is the surface
wave velocity. The amplitudes BQK and CQK would be, respectively, equal to BPK and CPK if
the medium through which the waves travel did not distort them. In a real medium, BPK is
correlated with BQK and CPK is correlated with CQK and the B’s and C’s are independent. The
latter is often referred to with the sentence ‘phase angles are random’. The amplitudes BPK and
CQK are statistically independent, for any points P and Q, and any circular frequency !K , with
the only exception of BPK and BQK , i.e. same circular frequency but di�erent points in space.
The same holds for CPK and CQK . The amplitudes are assumed normally distributed with zero
mean and this assumption is experimentally veri�ed [5]. In order to quantify the acceleration
time histories in di�erent points in space, Equations (1) and (2), all that is needed is a
de�nition of the correlation between amplitudes and of their dispersion, as measured by the
variance or, equivalently, of the covariance matrix of the amplitudes. Numerical methods for
amplitudes sampling, which allow to reconstruct the whole earthquake accelerations random
�eld, can be found in References [5, 19, 20]. The signal components for di�erent circular
frequencies, once the amplitudes are sampled, can be computed in an e�cient way by doing
an inverse Fourier transform, possibly using the fast Fourier algorithm [21].
The covariance matrix � of the amplitudes B and C is assembled via independent de�nition,

at each circular frequency !, of its diagonal terms, the variances in each space point and
frequency, and of the correlation coe�cients. The diagonal terms �PP are quanti�ed via a
power spectrum. A traditional choice is the Kanai–Tajimi power spectrum, as modi�ed by
Clough and Penzien [21]:

GPP(!) =G0
!4f + 4�

2
f!

4
f!

2

(!2f − !2)2 + 4�2f!
4
f!2

!4

(!2g − !2)2 + 4�2g!4g!2

�PP =GPP(!) d!

(3)

The Kanai–Tajimi power spectrum is herein adopted with a modi�cation discussed in Sec-
tion 4. The correlation coe�cient between the amplitudes is expressed via the coherency
function: the form originally proposed by Uscinski [22] on theoretical grounds and Luco [3]
is retained:

�= exp
(

−!2X 2
(�
v

)2)
(4)
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The correlation decreases with increasing distance X and circular frequency ! and increases
with increasing soil mechanical and geometric properties as measured by v=�. � is the incoher-
ence parameter, v the shear wave velocity. Equation (4) is extensively used [6–8, 23–26], but
di�erent functional forms have also been proposed. v may be estimated as (Gsoil=�soil)0:5 with
Gsoil and �soil, respectively, the ground shear modulus and density. The incoherence parameter
� is the most di�cult aspect in the coherency function assessment. Zerva [25] and Luco and
Mita [27] report a value in the range of 0.1–0.5. Der Kiureghian and Neuenhofer [7] use for
[X�=v] a value within 0–2, which is in line with what is expected in the two previous pa-
pers. Numerical comparison of Equation (4) with some of the experimental data for di�erent
soil types has also been made within this study. The 0.1–0.5 range is generally con�rmed.
Some events showed, however, an even smaller lower bound. To name a few, all the events
recorded at Park�eld, California, and most events recorded in Taiwan on the SMART array,
as reported by Abrahamson et al. [1], fall within 0.1–0.5, but event 45 reported by Oliveira
[2] in Taiwan has a value for � of about 0.02. The soil in Park�eld is rocky, while the one
in Taiwan is alluvium. For the above reason, a range for � as large as 0.02–0.5 is kept in
this study.
Equations (2) and (4) can be adapted to the case of soil discontinuities. This aspect is

dealt with in a recent paper [28], but some further remarks seem convenient. With reference
to Figure 1, one has to determine equivalent v=� and vapp. For vapp, the equivalent value can
be obtained with a weighted average on the distances:

vapp = �1vapp1 + �2vapp2

�1 + �2 = 1
(5)
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Figure 1. Geometry for soil discontinuity and for the structure.
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Derivation of equivalent v=� is instead less straightforward. Equation (4) can be recast in
the form

�PQ=�(XPQ) =
[
exp

(
−!2K

(�
v

)2
X 2

PQ

)]

=
[
exp

(
−!2K

(�
v

)2
(�1XPQ + �2XPQ)

)](�1XPQ+�2XPQ)

(6)

After rearranging terms it can be written as

�PQ = �P��Q�

�P� = �(�1 XPQ)�(
√

�1(1− �1)XPQ)

�Q� = �(�2 XPQ)�(
√

�2(1− �2) XPQ)

(7)

Equation (7), valid for homogeneous soil, provides a convenient way to separate the loss
of correlation along the distance XPQ. The �P� can be thought of as the loss of correlation
due to the travelling of the waves from P to �, �Q� and from � to Q. For the case of two
soil types, say 1 and 2, the equivalent properties of v=� can be obtained from (7) as

�
v
=

√(
�1
v1

√
�1

)2
+

(
�2
v2

√
�2

)2
(8)

For the case of N soil types it can be shown that

�
v
=

√
N∑

h=1

(
�h

vh

√
�h

)2
(9)

while for vapp it is straightforward that

vapp =
N∑

h=1
�hvapp h

N∑
h=1

�n =1

(10)

2.2. Soil and structure di�erential displacements

In this section the di�erential response to the spatially varying earthquake de�ned as in Equa-
tions (1) and (2) is computed. The problem geometry is in Figure 1. The �gure is made with
reference to a typical application problem: a simply supported bridge deck, for which one has
to compute the seating length. For generality it is assumed that a soil discontinuity is present
between points P and Q. Structures 1 and 2 are di�erent, but both are linear elastic. The goal
is to compute the di�erential response between P and Q, points on the soil, and between L
and M , located on top of the sdof oscillators.
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Basic random vibration theory [29] will be used for this. The input is the accelerations
considered frequency component by frequency component (both sine and cosine terms will be
considered). After dropping the subscript k, one component of the acceleration time history
in Q is

AQ(t)=BQ cos(!(t − �PQ)) + CQ sin(!(t − �PQ)) (11)

The total displacement in M;ZM (t) is the sum of the ground displacement ZQ(t) and of the
sdof system displacement with respect to the ground ZMQ(t):

ZM (t) = ZQ(t) + ZMQ(t)

ZQ(t) =−AQ(t)
!2

(12)

If structure 2, which has damping equal to �MQ and circular frequency equal to $MQ, is
subjected to the acceleration exp[ j!(t − �PQ)], with j the imaginary unit, its displacement
ZMQ(t) relative to the ground is

ZMQ(t) =H ($) exp( j!t) exp(−j!�PQ)

H ($) =
−1

($2 − !2) + j(2�$2!)

(13)

After expressing the input in the imaginary �eld, and after performing some algebra (see
Reference [20]), it can be shown that the di�erential displacements (both absolute and relative)
for points L; P;M and Q, are independent of time and are normally distributed:

Z∗(t; m1; m2; n1; n2) = Z∗(m1; m2; n1; n2)∼N (�=0; �2Z∗)

�2Z∗ =�!
∑
K

GZ∗K

GZ∗K = �2PK + �2QK − �PQK

�PQK =2�PK�QK [�PQK cos(�PK − �QK − !K�PQ)]

�2PK =N 2
PKGPPK �2QK =N 2

QKGQQK

NP =− 1
!2

√
m2F2P2 + F2P3
F2P1 + F2P2

NQ= − 1
!2

√
n2F2Q2 + F2Q3
F2Q1 + F2Q2

�P = arctan
[
m2 FP2

FP3

]
− arctan

[
FP2

FP1

]
�Q=arctan

[
n2FQ2

FQ3

]
− arctan

[
FQ2

FQ1

]

FP1 =$2
LP − !2 FQ1 =$2

MQ − !2

FP2 = 2�LP$LP! FQ2 = 2�MQ$MQ!

FP3 =m1$2
LP +m2FP1 FQ3 = n1$2

MQ + n2FQ1

(14)
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Equation (14) gives both the power spectrum and the variance of the di�erential displace-
ments Z∗ for points P;Q; L and M , within a single expression. m1;; m2; n1; n2 are equal ei-
ther to zero or to one. Di�erential ground displacements, between points P and Q, are
obtained with (m1 = 0; m2 = 1; n1 = 0; n2 = 1), structural displacement with respect to ground,
between points L and M and with �xed bases, with (m1 = 1; m2 = 0, n1 = 1; n2 = 0), total dis-
placements, between points L and M and with respect to an inertial reference frame, with,
(m1 = 1; m2 = 1; n1 = 1; n2 = 1), any other mixed quantity can be computed, e.g. total displace-
ment in P with respect to ground displacement in Q(m1 = 1; m2 = 1; n1 = 1; n2 = 0).
The distribution of maxima can be found with the peak factor formulation [30], by setting

Z∗
s;p=�Z∗rs;p (15)

where Z∗
s;p is the displacement value, which is not exceeded with probability p during an

earthquake of duration s. Typical values of the peak factor rs;p lie within 1.20–3.5; rs;p is
computed as set out in Reference [30], in which proper account is taken for the non-stationarity
of the response via the use of the equivalent damping.

3. CODE PROVISIONS FOR DIFFERENTIAL DISPLACEMENTS

Codes allow, together with a re�ned analysis, a simpli�ed one to compute structural di�erential
displacement considering non-synchronism. In the simpli�ed analysis, non-synchronism is the
sum of two separate problems: ground di�erential displacement only (points P and Q in
Figure 1) and structural di�erential displacements with synchronous soil motion (points L
and M). The outcomes from the analyses are summed up disregarding their correlation. This
is on the safe side (one is adding the modules of correlated displacements). The procedure
is justi�ed in view of the fact that the structural analyses are done for stress calculation and
that codes have to service designers and hence be simple.
For a comparison, the following codes are considered:

• The European seismic code Ec8 [14], partially adopted in Italy by the Civil Protection
[15]. This code will be referred to with EC8=ICPC, meaning EuroCode 8=Italian Civil
Protection Code.

• The draft Italian seismic code for bridges [16]. This code will be referred to with DICB,
meaning Draft Italian Code for Bridges. This code, for non-synchronism, has been drafted
following mainly the results from the present study.

The codes state the ground di�erential displacements be computed as⎧⎪⎪⎨
⎪⎪⎩

uI
PQ=XPQ pga

TC

vapp

(
	
1
2


)
6uI MAXPQ

uI MAXPQ 60:025 pga
√
(	PTPCTPD)2 + (	QTQCTQD)2

⎫⎪⎪⎬
⎪⎪⎭EC8=ICPC

⎧⎪⎨
⎪⎩

uIIPQ=pga [q1 + q2 log(X )q3 ]6uII MAXPQ

uII MAXPQ 61:25× 0:025 pga
√
(	PTPCTPD)2 + (	QTQCTQD)2

⎫⎪⎬
⎪⎭DICB

(16)
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with
XPQ = distance between points P and Q
	P = soil coe�cient in point P
pga = peak ground acceleration

TPC; TPD = periods de�ning the response spectra in point P
vapp = surface wave velocity

q1; q2; q3 = coe�cients depending on the soils in P and Q

(17)

The numeric values of the quantities in Equation (17) will be de�ned below. The di�er-
ential displacements of the two points of the structure, uLM , are computed with a response
spectrum analysis, with synchronous motion. This means that for two sdof structures, the com-
plete quadratic combination [31], CQC, rule will be used. The total di�erential displacements
prescribed by the codes are

{U I
LM = uIPQ + uLM}EC8=ICPC

{U II
LM = uIIPQ + uLM}DIC

(18)

The DICB explicitly permits to compute uLM with the square root of sum of squares (SRSS)
rule; in case of fragile failures, e.g. deck unseating, the �nal results, be it the soil or structural
di�erential displacements, are multiplied by 1.25.
The parameters in Equations (16) and (18) are shown in Table I for the EC8=ICPC code

and Table II for the DICB. For both codes reference is made to the ultimate limit state.
The codes group the grounds into two homogeneous types. The �rst group is rock, and is

named soil type A in both the EC8 and in the draft code. The second group contains loose and
cohesive soils (gravel, sand, clay). The draft code names this group soil type B; EC8 makes
a more detailed classi�cation based upon geology and shear wave velocity, and distinguishes
between soil types B, C, D. They add another soil type for the case of soft soil on top of the
rock and name it E in EC8 and C in the draft code. When di�erent soil types are present
in P and Q, the EC8=ICPC states the most unfavourable values of the parameters be used,

Table I. Value of the response spectra parameters for EC8=ICPC and properties of the soil types in the
Draft Italian Code for bridges (N.A.: not applicable).

Parameter=ground type A B C D E

EC8=ICPC

Description Rock Gravel, sand, clay Like B Like B B; C or D on A
	 1 1.25 1.25 1.35 1.25
TC (s) 0.4 0.5 0.5 0.8 0.5
TD (s) 2 2 2 2 2
v (m=s) ¿800 360–800 180–360 ¡180 100–360
vapp (m=s) 3000 2000 2000 1500 1500

DICB

Description Rock Gravel, sand, clay B on A N.A.
v (m=s) 360–800 180–360 100–180
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Table II. Value of the parameters qi for the DICB (dot indicates that the value must
be computed by symmetry).

Soil P=Q A B C A B C A B C

Parameter 100q1 105q2 q3

A 0 0.7 3.3 17 1.4 17 2.5 3.9 2.9
B . 0 2.0 . 14.3 29 . 2.9 2.9
C . . 0 . . 266 . . 1.1

Figure 2. Acceleration response spectra given by the codes.

whereas the DICB explicitly deals with this case, via the values of the parameters q. The
acceleration and displacement spectra prescribed by the codes are shown in Figures 2 and 3.
The soil di�erential displacements are shown in Figure 4. In Figure 3 the values of TE and
TF , the periods that de�ne the start and the end of the decrease in the spectral displacement,
are highlighted. They will be referred to in the next sections. Soils A and D of EC8=ICPC
coincide, as far as response spectra are concerned, with soils A and C of the DICB; soils B,
C and E of EC8=ICPC are almost coincident with soil B of the DICB. In the analyses only
three ground types will be considered: A; B and D as de�ned in EC8=ICPC, the most di�erent
situations encountered.
For the di�erential displacements, the codes are much less similar. The maxima di�erential

displacements di�er by 1.25 (the factor in the last of Equations (16)), and also the trend
is very di�erent. EC8=DICB increases linearly up to the maximum, and the DICB grows in
a parabolic fashion. In the range of distances where most civil engineering structures are,
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Figure 3. Displacement response spectra given by the codes.

Figure 4. Soil di�erential displacement prescribed by the codes. Thicker lines are for EC8=ICPC.

Copyright ? 2005 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. 2005; 34:1353–1374



EARTHQUAKE SPATIAL VARIABILITY 1363

between 5 and 100m, from buildings columns to long bridges piers, the di�erences are large:
at 20m distance, EC8=ICPC gives 2mm or less while DICB forecasts di�erential displacements
from 2 mm to about 40 mm, depending on the soil coupling. Such large di�erences must be
carefully investigated.
The systematic investigation of the dependence of di�erential displacements on the gov-

erning variables is done in the next sections: the outcome of the study is that EC8=ICPC is
always unconservative, with strong underestimation in the 5–100 m range.

4. ORGANIZATION OF ANALYSES

The investigation is focussed �rst on the maxima di�erential displacements of two points P
and Q on the ground and then on two points on top of sdof oscillators, points L and M , see
Figure 1. The excitation is speci�ed via its acceleration=displacement response spectra. The
maxima di�erential displacements are expressed by Equation (15).
For the peak ground acceleration, pga, a value of 1m=s2 is retained. The structural damping

is taken equal to 5%. The response spectra shapes are those of EC8 [14]. Three ground types
are considered, A; B and D, the most di�erent situations encountered. These ground types
essentially correspond to A; B and C of the DICB [16]. It has then been assumed that each
of the points P and Q could be in each ground type.
In the model, the excitation needs to be speci�ed in terms of power spectra. The power

spectrum corresponding to each response spectrum is computed in two steps: �rst a numer-
ically de�ned (i.e. no closed-form expression) power spectrum G(num)(!) corresponding to
the displacement and acceleration response spectra is obtained, and then the parameters of
the Kanai–Tajimi power spectrum (modi�ed as explained later) taking G(num)(!) as target
are computed.

G(num)(!) is computed with the trial and error procedure outlined in Reference [7]. The
procedure converges to G(num)(!) adjusting, frequency by frequency, a guess power spectrum
G(0)(!) on the basis of the predicted maximum displacement. For the second step, a modi�ed
version of the Kanai–Tajimi acceleration power spectrum, Equation (3), is used. The modi�ed
version reads as

Gmodi�ed-KTCP =GKTCP�0

GKTCP =G0
!4f + 4�

2
f!

4
f!

2

(!2f − !2)2 + 4�2f!
4
f!2

!4

(!2g − !2)2 + 4�2g!4g!2

�0 = 0:5 +
1


arctan

[
�
2! − !E − !F

!E − !F

]

!e =
2

Te
; !f=

2

Tf

(19)

GKTCP in Equation (19) is a Gaussian white noise with constant value equal to G0 passed
through a linear �lter, with circular frequency !f and damping �f, representing the ground.
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Clough and Penzien [21] introduced a second �lter with circular frequency !g and damping
�g to do away with the fact that the displacement power spectrum, obtained by dividing the
acceleration power spectrum by !4, tends to +∞ with !→ 0 and that the integral of the
displacement power spectrum, i.e. the variance of displacements, is in�nite too.
With !→ 0 the Kanai–Tajimi–Clough–Penzien displacement power spectrum tends to a

constant value whereas the displacement response spectrum corresponding to G(num)(!) goes
to zero, see Reference [20]; this makes it impossible to match the target displacement response
spectra at high periods, above TE of Figure 3. The correction term �0 solves this problem. �
is a problem-dependent parameter and the value of 10 has proved apt for the case of response
spectra speci�ed by EC8 [14].
The di�erential ground response (points P and Q) is computed keeping as parameters the

soil types in P and Q, the value of the incoherence factor �, the surface wave velocity vapp
(expressed as a parameter 
 times the surface wave velocity speci�ed by the EC8 code for
each ground type, i.e. vapp = 
:vapp EC8) and the distance between the points. No ambiguity
exists for choosing the parameters v and vapp in case the soils in P and Q are of the same
type. For two di�erent soil types below P (soil type 1) and Q (soil type 2), the homoge-
nization formulas in Equations (5) and (8) are used, with a value for �1 of 0.5, i.e. the soil
discontinuity is at the same distance from P and from Q. The duration of the earthquake is
assumed equal to 25 s and the comparisons with the codes are made by keeping the proba-
bility value at 0.5, since the spectra speci�ed in the codes are at that probability level. The
dependence of the maxima di�erential displacements on the probability level has also been
investigated.
For the di�erential displacements on top of the structures, two more parameters must

be considered, the modal periods of each structure. In the structural analyses, �xed val-
ues for � (equal to 0.5) and 
 (equal to 1) are assumed. The variables are summed up in
Tables III and IV.

Table III. Values of the variables used for the assessment of di�erential displacements.

# Variable Values assigned to variable

Variables used to assess the di�erential ground displacement

1 Soil type in P A; B and D as de�ned by EC8∗

2 Soil type in Q A; B and D as de�ned by EC8∗

3 Distance between P and Q From 0 to 10 000m
4 Incoherency parameter � From 0.02 to 0.5
5 
 such that vapp = 
vapp EC8 0.5, 1, 1.5
6 Probability levels From 0.01 to 0.99

Further variables used to assess the di�erential structural displacement
(only for the case of �=0:5 and 
=1)

7 Period of the �rst structure TP From 0.2 to 2
8 Period of the second structure TQ From 0.2 to 2

∗A; B and D as de�ned by EC8 are equal to A; B and D of ICPC and A; B and C of DICB.

Copyright ? 2005 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. 2005; 34:1353–1374



EARTHQUAKE SPATIAL VARIABILITY 1365

Table IV. Values of the shear and apparent wave velocities, v and vapp,
assumed in the analysis.

Parameter=ground type A B D

Description Rock Gravel, sand, clay Gravel, sand, clay
v (m=s) 800 580 90
vapp (m=s) 3000 2000 1500

5. RESULTS FOR THE GROUND DIFFERENTIAL DISPLACEMENTS

For each soil coupling, the parameters governing the di�erential displacements of P and Q are
four: the distance between P and Q; XPQ, the probability level p, and two soil parameters, the
incoherence factor � and the apparent surface wave velocity (expressed as vapp = 
vapp EC8).
The latter two are extremely dispersed, even within homogeneous soils, and the shear wave
velocity v is a more critical variable than the surface wave velocity vapp; thus, � is a more
important variable than 
. For these reasons the probability level is �rst �xed at 50%, 

at 1, and the results examined keeping only the distance between P and Q, XPQ, and the
incoherence factor � as variables. The results are presented as level curves of the maximum
di�erential displacement, with XPQ on the x-axis and v=� on the y-axis, in doubly logarithmic
scales. The results for soil coupling DD are shown in Figure 5.
From bottom left to top centre, the level curves are �rst oriented at 45◦ (in doubly logarith-

mic scales) with respect to the x-axis and then they get vertical, through a transition branch.
Let x, y and z the quantities on the axes, respectively, be the distance, v=� and the di�erential
displacements. If the surface z(x; y) is cut with a plane parallel to the (x; z) plane, i.e. at con-
stant v=�, the function z(x) at constant y is obtained. If this is done at y= v=�=100m=s, for
any ground coupling, one always is in the area with level curves at 45◦. With y= v=�=105m=s
one always is in the area with vertical level curves. For this reason, the values 100 and 105m=s
are assumed as reference ones. The function z(x; y=100 m=s) is referred to as z100(x), the
function z(x; y=105 m=s) as z1e5(x).
The value of z for a point of co-ordinates (x; y) can be read from Figure 5, or from the

similar ones for di�erent soils; but it can be obtained also from z100(x) and z1e5(x) depending
on where the point (x; y) is. If it is in the area with level curves at 45◦, e.g. point O1
in Figure 5, the di�erential displacement z is found projecting (x; y) at 45◦ (i.e. parallel
to the level curves) on the line y= v=�=100 m=s (point O2 in Figure 5). If it is in the
area with vertical level curves, e.g. point O3 in Figure 5, it must be projected parallel to
the y-axis up to the line y= v=�=105 m=s (point O4 in Figure 5). The transition branch is
disregarded. The value of z(x; y) can therefore be computed as z100 = z(x1; y=100 m=s) or
as z1e5 = z(x; y=105 m=s); its correct value will be the higher between the two. Hence, the
di�erential displacement z is equal to

zPQ(XPQ; v=�) =max(z100; z1e5)

z100 = z
[
X =

(
XPQ

100 m=s
v=�

)
; v=�=(100 m=s)

]
z1e5 = z[X =(XPQ); v=�=(105 m=s)]

(20)
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Figure 5. Level curves of di�erential ground displacement (10−2 m) for soil coupling DD. The two
horizontal lines are drawn at v=(�=0:02) and v=(�=0:5), the lower and upper bounds assumed.

Equation (20) shows the in�uence of the incoherence factor � on the ground di�erential
displacement, for a given distance between points XPQ, and of soil shear wave velocity v. For
low values of the incoherence factor � (top part of Figure 5 and third of Equations (20)),
the di�erential displacement depends solely on the distance between points and not on �.
For higher values of incoherency (bottom part of Figure 5 and second of Equations (20))
the e�ect of � is the same as the distance. The in�uence of a change in the surface wave
velocity, vapp, is much smaller. The results obtained with the same parameters as in Figure 5,
with only a change in the value of 
, show that the only di�erence is in the position of
the upper (i.e. vertical level curves) part of the diagram, see Reference [20] for details.
A decrease in 
 makes the upper part move left, an increase makes it move right. The only
change to Equation (20) needed to quantify its in�uence is the expression of z1e5.
From a physical point of view, this means that an increase in the surface wave velocity,

i.e. a decrease in the time lag �PQ between the accelerations in P and Q, has the e�ect of
broadening the range of in�uence of �. The shear wave velocity v and the surface wave
velocity vapp have similar e�ects on the di�erential ground displacements: all other things
equal, di�erential ground displacements increase with decreasing v and vapp. Finally, the os-
cillatory pattern in the upper-right part of Figure 5 depends on the cosine term within �PQK
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in the maximum ground di�erential displacement expression, Equation (14). All that has been
said up to now, making reference to one soil coupling, is true for all soil couplings.
The results discussed are relative to 0.5 probability of exceedance; the level curves at

di�erent probability values p are identical to those shown for p=0:5 apart from a scale
factor f(p), which is a smooth function of p. This regularity holds for all tested soils,
distances and coherency parameters. f(p) is well interpolated by a third degree polynomial:

zPQ(p) = zPQ(p=0:5)f(p)

f(p) = 2p3 − 2:7p2 + 1:38p+ 0:735
(21)

Given the soil types in P and Q, the soil di�erential displacement can be therefore de-
�ned as a function of all the governing variables, distance, incoherence parameter �, 
 and
probability level, via the closed-form-approximate expressions of z100 and z1e5. There will be
one expression for z100 (which is independent of 
) and three expressions for z1e5 (at the three
considered values for 
=0:5; 1; 1:5). The approximating functions, found with a least square
error procedure on its unknowns q1; q2; q3, are accurate and are de�ned by

zPQ(XPQ)≈ z(appr)PQ (XPQ)= {q1 + q2[log(XPQ)]q36zmaxPQ } (22)

In Equation (22) the oscillatory pattern of z1e5 at large distances is disregarded. q1 is always
zero for homogeneous soils; for di�erent soils in P and Q, it is equal to 0:007 m (AB),
0:033 m (AD), 0:02 m (BD). The highest di�erential displacements are given by the case
with the highest incoherence factor �, 0.5, irrespective of the value of 
; these can also be
computed via use of Equation (22). The di�erential displacements for this case are referred
to as zv=0:5.
The values of q2; q3; zmaxPQ for z100; z1e5; zv=0:5, and for all soil couplings are listed in Tables V

and VI. In these, the dot symbol by a matrix component indicates that it must be computed
by symmetry. Equation (22) must be used with meter units.
The maxima di�erential displacements for this case are in good agreement with EC8=ICPC

[14, 15]. However, with reference to soil coupling DD, from Figure 5, the maximum di�eren-
tial displacement occurs for the lowest value of the incoherence factor �, i.e. at v=(�=0:02),
and is equal to 0:0725 m, slightly more than 0:069 m, the maximum for v=(�=0:5). The
maximum di�erential displacement for 
=0:5 and v=(�=0:02) (not shown here) is still a
bit larger, 0:08 m, i.e an increase of 16% with respect to 0:069 m. This happens for all soil

Table V. Parameters q1; q2; q3; zmaxPQ in Equation (22) to compute z100 and zv=0:5.

z z100 zv=0:5 z100 and zv=0:5

105q2 q3 105q2 q3 100zmax
Parameter
Soil P=Q A B D A B D A B D A B D A B D

A 141.2 86.6 42 1.99 2.26 2.60 16.97 1.36 17.05 2.52 3.87 2.80 2.9 3.5 5.7
B . 226.4 93.8 . 1.86 2.37 . 14.28 28.91 . 2.90 2.81 . 3.9 5.5
D . . 396.9 . . 1.85 . . 265.54 . . 1.91 . . 7.0
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Table VI. Parameters q1; q2; q3; zmaxPQ in Equation (22) to compute z1e5. The three �gures in a cell are
relative to 
=0:5; 1; 1:5, respectively.

105q2 q3 100zmax
Parameter
Soil P=Q A B D A B D A B D

A 2.5e-2 8.7e-4 9.1e-5 5.64 7.33 8.43 4.35 4.8 7.5
3.6e-3 1.5e-4 1.9e-5 6.34 7.85 8.83 4 4.7 7.4
9.6e-4 2.8e-5 1.6e-6 6.82 8.47 9.78 3.7 4.4 7.1

B . 1.8e-1 3.4e-4 . 4.96 8.11 . 6 7.4
1.4e-2 4.4e-5 5.99 8.75 5.7 7.3
5.1e-3 1.9e-5 6.32 8.93 5.5 7.3

D . . 2.5e-1 . . 5.19 . . 10.5
6e-2 5.65 10.4
1e-2 6.36 9.6

Table VII. Comparison between the maxima di�erential dis-
placements (10−2 m) predicted by EC8=ICPC [14, 15] and
those relative to (zv=0:5 and 
=1) and (zv=0:02 and 
=0:5).

Soil coupling AA AB AD BB BD DD

EC8=ICPC 2.9 3.7 5.7 4.3 6.2 7.6
zv=0:5 and 
=1 2.9 3.4 5.6 3.9 5.5 6.9
zv=0:02 and 
=0:5 3.4 4.3 7 5.5 7.8 8

couplings. To facilitate the comparison, the maxima di�erential displacements for these three
cases, EC8=ICPC [14, 15], (zv=0:5 and 
=1) and (zv=0:02 and 
=0:5), are shown in Table VII.

The di�erences between the values predicted by (zv=0:5 and 
=1) and (zv=0:02 and 
=0:5)
range from +16% (coupling DD) to +42% (coupling BD); the di�erences between the values
predicted by (EC8=ICPC) and (zv=0:02 and 
=0:5) range from +5% (coupling DD) to +25%
(coupling BD).
For this reason, and because the maxima occur at large distances, the maximum di�erential

displacements computed with EC8=ICPC should be increased by 25%:

zMAXPQ =1:25× 0:025 pga
√
(	PTPCTPD)2 + (	QTQCTQD)2 (23)

The variation of the di�erential displacement with distance can be computed with Equa-
tion (22) and the parameters relative to zv=0:5 in Table V, but with zmax computed as in
Equation (23). This is what has been implemented in the DICB.

6. RESULTS FOR THE STRUCTURAL DIFFERENTIAL DISPLACEMENTS

In this section the structural di�erential displacements are examined. �; 
 and p are kept at a
�xed value, respectively, 0:5; 1 and 0.5. The problem is cast as

zLM =(zPQ + uLM )D (24)
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In Equation (24) D is the unknown. D makes the correct structural di�erential displacement,
zLM , equal to the di�erential structural displacement computed code-style, i.e. summing up the
contribution of the ground and of the structures considered separately. The contribution of the
ground is computed in the correct way, as in the previous section, and the contribution of
the structures is computed with a modal analysis with CQC modal combination at �xed base.
D takes into account both the correlation between structural di�erential displacements and
between the di�erential displacements of soil and structures above it.
For each soil coupling, D depends on the distance and on the natural periods of the struc-

tures, D=D(XPQ; TP; TQ). The shape of D(XPQ) has two distinct behaviours depending on the
distance between periods |TP − TQ|: for values of |TP − TQ| lower than or equal to 0:1 s, D
grows with the space distance up to its asymptotic value; for values of |TP − TQ| larger than
0:1 s, D is practically constant.
The natural periods are discretized at 0:1 s step, ranging from 0.2 to 2 s, the results divided

into two groups, |TP −TQ| lower or equal and larger than 0:1 s, and, within each group, mean
and dispersion of D are computed:

Dm(XPQ) =
max
TP;TQ

[D(XPQ; TP; TQ)] + min
TP;TQ

[D(XPQ; TP; TQ)]

2

De(XPQ) =
max
TP;TQ

[D(XPQ; TP; TQ)]− min
TP;TQ

[
D(XPQ; TP; TQ)

]
2

(25)

For a given distance XPQ;Dm(XPQ) is halfway between the minimum and maximum of
D(XPQ; TP; TQ) for any natural period; De(XPQ) is the distance of the maximum and the min-
imum from Dm(XPQ). The two quantities show both the trend of D and the error committed
if one assumes D(XPQ; TP; TQ)≈Dm(XPQ). The results are shown only for |TP − TQ|60:1 s in
Figures 6 and 7. The results for periods such that |TP −TQ| ¿ 0:1 s are not shown here, since
their interpretation is straightforward: 1 is a reasonable upper bound for D. The correct value
of D depends on the soil coupling, the distance and TP and TQ and ranges from about 0.6–
0.98. There is a discernible pattern as a function of the distance and the soil coupling, but
no regularities depending on the natural periods have been found.
For periods such that |TP − TQ|60:1 s the interpretation is less simple: depending on the

soil coupling, the asymptotic value of Dm, from about 0.65–0.75, is reached at distances
between 200m (DD coupling) and 1000m (AA soil coupling); before that, Dm grows with
the distance. Within the �rst 200m, De is lower than or equal to about half the corresponding
value of Dm. For larger distances it decreases to about 20% the corresponding value of Dm.
For this group of structures (|TP − TQ|60:1 s), the shape of Dm(XPQ) is approximated with
the power of log function already used. One such approximation is shown in Figure 6 for
soil coupling AA. The approximations appear to work well for all the soil couplings. So, for
this case, one can set

D(XPQ)6Dm(XPQ) +De(XPQ)61:5Dm(XPQ)60:90

Dm(XPQ) = q4 + q5 log(XPQ)q6
(26)

The use of SRSS instead of CQC modal combination, would be desirable since it is simpler.
The use of SRSS has proved feasible, both for the case |TP − TQ|¿0:1 s and for the case
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Figure 6. Value of Dm for all soil couplings and periods TP; TQ such that |TP − TQ|60:1 s.

Figure 7. Value of De for all soil couplings and periods TP; TQ such that |TP − TQ|60:1 s.

|TP−TQ|60:1s. For the former case, one can assume again D=1. For the case |TP−TQ|60:1s,
Equation (26) may be used. The values of q4; q5; q6, for each soil coupling and for the CQC
and SRSS modal combination rules are listed in Table VIII.
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Table VIII. Parameters q4; q5; q6 in Equation (26) to compute Dm with TP; TQ such that |TP −TQ|60:1 s
and CQC modal combination. The results relative to SRSS modal combination are between brackets.

q4100 q5103 q6
Parameter
Soil P=Q A B D A B D A B D

A 0 34.8 61.3 7.76 0.25 1.5 2.31 3.76 2.66
(43) (69) (12.6) (0.24) (2.16) (3.9) (2.70)

B . 0 52.1 . 13.54 3.98 . 2.1 2.36
(60) (17.9) (4.2) (20) (2.39)

D . . 0 . . 70.65 . . 1.46
(81) (1.47)

The case |TP − TQ|60:1 s is singled out from the general and simple D=1 result, both
because the results say so and because it is a very common situation, at least in Italy. The great
majority of the Italian railway and highway bridges [32] have simply supported prestressed
concrete decks, with piers that are essentially sdof systems. When the highway or railway
crosses a plain the piers are typically equal structures at short distances, say 20–30 m. The
use of the general D=1 rule would be too unnecessarily conservative. However, use of
Equation (26) requires care in verifying its assumptions.
Another important point concerns the in�uence of the probability level on the structural

di�erential displacement zLM . Di�erent fractiles of the structural di�erential displacements
may be obtained from the median value by multiplying it by the same scale factor f(p) as
in Equation (21), i.e.

zLM (p)= zLM (p=0:5)f(p) (27)

In the DICB, for the case of fragile failures, the �nal di�erential displacement is multiplied by
1.25 (see Equation (18)). Doing so, one obtains, both for the soil and the structural di�erential
displacements, a 90% probability of them not being exceeded.

7. CONCLUSIONS

Based on well-known expressions for spatial variability of seismic motion, a theoretical model
founded on basic random vibration theory, is developed. The model is used to compute the
di�erential displacements of points on the grounds and on top of sdof linear elastic system.
The study is specialized for the seismic input speci�ed by Eurocode 8 [14], the Italian Civil
Protection Code [15] and the new draft Code for bridges [16]. The case of contiguous di�erent
soils is explicitly included, since the expression of the coherency function is the same as for
the case of homogeneous soil. The simple expressions of the equivalent parameter are given
in Equations (5), (8)–(10).
With the exception of the Italian code for Bridges [16], drafted following the results of

this study, the codes seem improvable on this aspect, both from the qualitative and quanti-
tative viewpoint. This is surprising since the theoretical model for relative displacements is
straightforward to set up and since di�erential displacements are the main cause of spectacular
failures as the serial unseating of simply supported bridges deck.
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The formulas for relative displacement between statically determined structures are then
given, obtaining a uni�ed formulation for the statistics of the relative displacements between
the top of two structures, top of one structure and base of the other, base of two structures. The
solution is given with the peak factor formulation: the response is the standard deviation of the
process times a factor, which is a function of the probability of exceedance (see Equations (14)
and (15)). A further result is that the widely adopted Kanai–Tajimi–Clough–Penzien power
spectrum must be modi�ed in order to reproduce the code displacement response spectra at
large periods.
Due to regularities in the di�erential responses, �nal conclusions can be drawn and the

expression of the di�erential response in closed form, as a function of the important variables,
can be given. These results are compared with the Eurocode 8 [14], which coincides with the
Italian Civil Protection Code [15], and the draft Italian code for bridges [16].
The main results are the following:

• The soil di�erential displacements vary smoothly to their asymptotic value, attained at
distances between 600 (soil coupling DD) and 4000 m (soil coupling AA). These val-
ues are conservative and take into account the most unfavourable combinations of soil
properties.

• When the soil is homogeneous, the di�erential displacement at zero distance is zero; when
two di�erent soil types are contiguous, the di�erential displacement at zero distance has
a �nite, non-disregardable value.

• The variation of soil di�erential displacement with the distance can be accurately ap-
proximated with a power of log function.

• The surface wave velocity is much less in�uential than the shear wave velocity and may
be disregarded in design codes.

• The incoherence parameter �, within the expression v=�, is, together with the distance,
the most in�uential variable. Its assessment for each soil type is, in the authors’ opinion,
at best di�cult and questionable. Signi�cant more research e�ort is needed on this point.
To account for this problem, which is probably more due to lack of basic comprehension
of physical behaviour than to intrinsic randomness, it is reasonable to keep on the safe
side, as has been done in the Draft Italian Code for bridges [16].

• The maximum di�erential soil displacements at large distances can be obtained using the
expression given by Eurocode 8 [14] increased by 25%.

• The total structural di�erential displacements can be computed summing the soil di�eren-
tial displacement and the structural di�erential displacement. The latter can be obtained
with the SRSS rule (root of the sum of the squares of top displacements for synchronous
motion) and must be corrected with a coe�cient that accounts for the correlation of mo-
tions. This coe�cient can be safely taken equal to 1. For structures with natural periods
less distant than 0:1 s, founded on homogeneous soils, the correction coe�cient can be
reduced.

• The above is said with reference to the median value of the di�erential displacements of
both the soil and the structures. To compute them with varying probability of exceedance,
one may multiply the median value by the probability factor f(p). The f(p) has a simple
polynomial expression independent of the soil type and the structural periods. If the
median value is multiplied by 1.25, the di�erential displacements with 10% probability
of exceedance is obtained.
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• For di�erential displacement for bridges, Eurocode 8 [14] and the Italian Civil Protection
Code [15] appear inaccurate and unconservative. This is especially true in the range of
distances where most civil engineering structures are below 100 m. For instance, with
a pier distance of 32 m, in soft soil, and peak ground acceleration equal to 0:4g, the
estimation of soil di�erential displacements is 14 mm for Eurocode 8 and the Italian
Civil Protection Code; the model prediction is instead 112mm, consistent with the draft
Italian Code for bridges [16].

As a �nal remark, it is highlighted that earthquake spatial variability does appear to be
a signi�cant problem for failure modes governed by di�erential displacements, and also for
structures of minor importance like small bridges. Since its inclusion in the design phase
brings about small or no extra cost for most situations, it is worth to stress the importance
of a rapid code update on this subject.
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