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Abstract

A global energy analysis is presented of three static unloading–reloading foundation lateral loading cycles, calculated using the nonlinear

finite element (FE) program DYNAFLOW. This simulates seismic action on an offshore pier foundation in the Rion-Antirion Bridge in

Greece, located in deep-sea water (65 m). A cyclic horizontal force is applied at a height of 30 m to a rigid raft 78 m in width placed on the

surface of an idealized 2-layer soil profile consisting of a 3.5 m man-made gravel layer over soft deep natural clay, with elastic vertical steel

inclusions reinforcing the soil. Results of the two-dimensional FE run are used for the energy analysis. It is verified that for the three cycles,

the sum of energies associated with the external forces and moments, mostly dissipated through hysteresis loops, is about equal to the sum of

the total internal energies dissipated or stored in the system. For the smaller loops almost all energy is dissipated in the soil, while for the

largest loop about half of the energy is dissipated by horizontal sliding at the raft-soil interface. Global damping ratios obtained from the areas

of the horizontal and rocking moment hysteresis loops are about double of those computed from the corresponding static backbone curves

using the Masing criterion.
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1. Introduction

The Rion-Antirion bridge project is a contract granted by

the Greek Government to a consortium led by the French

company Vinci Construction. It is located in Greece, near

Patras, and will constitute a fixed link between the

Peloponnese Peninsula and the Continent across the western

end of the Corinth Gulf (Fig. 1). The solution adopted for

this bridge is a multiple span cable-stayed bridge with four

main piers. Each of the three central spans is 560 m long;

these central spans are extended by two flanking spans

286 m long each. The total length of the bridge including

approach viaducts is approximately 3.5 km. The bridge is

located in a highly seismic area and had to be designed for a

number of severe environmental conditions [1,2]:

† the foundation soils are soft alluvial deposits (mostly

silty clays and clayey silts) extending to depths greater

than 500 m. Subsurface exploration to depths up to

100 m, using various offshore exploratory methods,

determined that these soils have rather poor mechanical

characteristics. While the clays are overconsolidated at

shallow elevations, their overconsolidation ratio

decreases rapidly with depth and it is only about 1.3 at

a depth of 50 m below the sea bed. The undrained shear

strength increases slowly with depth from approximately

30–50 kPa at the ground surface (sea bed) to 100–

150 kPa at 50 m depth; the shear wave velocity increases

from 100–150 m/s at the ground surface to 350–400 m/s

at 100 m depth;

0267-7261/03/$ - see front matter q 2003 Elsevier Ltd. All rights reserved.

doi:10.1016/S0267-7261(03)00050-2

Soil Dynamics and Earthquake Engineering 23 (2003) 483–495

www.elsevier.com/locate/soildyn

* Corresponding author. Tel.: þ1-518-276-6934; fax: þ1-518-276-4833.

E-mail addresses: dobryr@rpi.edu (R. Dobry), alain.pecker@

geodynamique.com (A. Pecker), gm25@eng.buffalo.edu (G. Mavroeidis),

zeghal@rpi.edu (M. Zeghal), pgigohl@telus.net (B. Gohl), dyang@b-t.com

(D. Yang).

http://www.elsevier.com/locate/soildyn


† the water depth in the middle of the strait reaches 65 m;

† the seismic design motion, obtained from a 2000-year

return period, corresponds to an earthquake of magnitude

7.0 and peak ground surface acceleration of 0.48g. The

associated 5% damped response spectrum has a plateau

at 1.2g for a range of periods extending from 0.2 to 1.1 s.

At a period of 2 s the spectral acceleration is still equal to

0.62g (Fig. 2); and

† the bridge must accommodate a 2 m differential tectonic

displacement in any direction and between any two piers.

In order to alleviate potential damage to the structure due

to the above adverse conditions and to carry the large

earthquake forces imposed on each pier foundation (i.e.

shear horizontal force of the order of 500 MN and

overturning moment of the order of 18,000 MN m for a

vertical buoyant pier weight of 750 MN), an innovative

foundation design concept was adopted. It consists of a

gravity caisson (i.e. 90 m in diameter at the sea bed level),

resting on top of the natural ground after reinforcing the soil

[3]. The ground reinforcement is composed of steel pipes,

2 m in diameter, 20 mm wall thickness, and 25–30 m long

driven in a grid of 7 m £ 7 m below and outside the

foundation, covering a circular area of 13,300 m2. The total

number of inclusions planned under each foundation and

considered at the time of the analyses reported herein was of

the order of 270. (These figures just listed correspond to the

preliminary scheme studied in this paper. Further develop-

ment of the final design lead to smaller numbers of

inclusions which varied depending on the geotechnical

conditions at each pier location: 130–170 inclusions

covering a circular area ranging between 6500 and

8500 m2).

An additional enhancement of the safety of the

foundation is provided by overlaying a 2.8 m-thick gravel

bed layer on top of the natural clay, with the steel inclusions

penetrating the gravel layer but not reaching the ground

surface. Thus, the inclusion heads have no structural

connection with the foundation raft (Figs. 3 and 6). This

concept (i.e. inclusions plus gravel layer) is aimed at

enforcing a capacity seismic design philosophy for the

foundation [4]. The gravel layer plays the role of a ‘plastic

hinge’, where inelastic deformation and dissipation take

place in the horizontal direction, while the ‘over-strength’

Fig. 1. Rion-Antirion Bridge location plan.

Fig. 2. Design response spectrum.
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provided by the ground steel reinforcement prevents the

development of deep-seated rotational failure mechanisms.

Numerical analyses as well as centrifuge model tests

conducted for the project have shown that the ‘failure’

mode would indeed be pure sliding at the gravel-foundation

interface. This ‘failure mechanism’ and accompanying

displacements can be accommodated by the bridge, which

is designed for much larger tectonic displacements than the

permanent displacements that may be induced by the

shaking.

The implementation of this innovative foundation

concept required the development of several numerical

tools, as well as physical model tests and a large number of

analyses to validate the concept, check the results and

implement the design. The pseudo-static bearing capacity of

the foundation subjected to combined vertical force–

horizontal shear force–overturning moment loading was

evaluated with a limit analysis method based on the yield

design theory [5,6]. These limit analyses were sup-

plemented by nonlinear finite element (FE) calculations

and centrifuge model tests, which both validated the concept

and confirmed the values of the ultimate foundation load

combinations. The FE analyses and centrifuge tests also

provided the parameters required to assess the foundation

displacements as a function of the applied loads, as these

displacements could not be evaluated by the yield design

theory.

For the dynamic seismic analyses of the whole bridge,

it was not realistic to contemplate a global model

including soil, inclusions and structure. Therefore, a

simplified rheological model representing the soil-

inclusions–structure interaction [7], for each foundation

degree of freedom (i.e. vertical, horizontal and rocking),

was developed for use in the numerous required

parametric analyses. This simplified model has been

checked with several independent tools, such as 2D

nonlinear dynamic FE analyses of an isolated pier

including the foundation soil mass, inclusions and pier

footing; as well as displacements measured during cyclic

loading of centrifuge models.

The objective of this paper is to present one aspect of the

validation of the rheological model based on pseudo-static

cyclic FE analyses. The analyses presented herein were used

to identify the elements of the foundation system contribut-

ing to the energy dissipation mechanism and to validate its

implementation in the rheological model. This study was

jointly conducted by the design team represented by one of

the authors (A.P.) and by the Checker’s team acting on

behalf of the design Checker, Buckland and Taylor Ltd. of

Canada.

2. Rheological model

The model is based on the concept of substructuring a

semi-infinite soil mass [8]. As shown schematically in Fig. 4,

the soil volume is conceptually divided in two regions:

† a near-field region, which encompasses all nonlinearities

related to the interaction between soil, structure and

reinforcing inclusions. This includes nonlinearities

generated within the soil and associated with its

stress–strain constitutive relation, as well as foundation

uplift and sliding at soil-foundation and soil-inclusion

interfaces. In the near field, the energy dissipation

mechanism is assumed to be predominantly hysteretic

and rate independent; and

† a far-field region, where there is much less non-

linearity, with essentially all of it related to seismic

wave propagation in the soil. As the energy dissipa-

tion in the far field is associated exclusively with such

wave propagation (radiation damping), the energy

dissipation mechanism is assumed to be predominantly

viscous.

For each degree of freedom of the foundation (i.e. vertical,

torsional, horizontal, rocking), the semi-infinite soil mass

(Fig. 4) may be approximated conceptually by the simplified

rheological model of Fig. 5. In this mechanical approxi-

mation, the soil mass is replaced by an assemblage of springs,

viscous dashpots, and sliders connected to the base of the

foundation. Only the horizontal and rocking degrees of

freedom are considered herein. For these two degrees of

freedom of the foundation, the parameters of the model in

Fig. 5 were determined, for initial loading, from static

monotonic nonlinear FE analyses conducted up to failure of

the foundation. For unloading–reloading horizontal and

rocking foundation response, the simple Masing criterion [9]

was assumed in the bridge project; as shown by Iwan [10], a

combination of springs and sliders such as used in the scheme

of Fig. 5 for the near field produces hysteresis loops in

accordance with the Masing criterion. That is, it is assumed

that the energy dissipation mechanism in the near-field

region obeys Masing’s criterion and rules as commonly

assumed in soil constitutive modeling [11].

Fig. 3. Foundation cross-section of a bridge pier, showing gravel layer,

natural clay, and steel pipe inclusions placed to reinforce the clay.
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The determination of loading–unloading–reloading hori-

zontal and rocking foundation response from the static

nonlinear FE analyses, in conjunction with the assumed

Masing criterion, completely defines the global behavior of

the foundation connected to the springs and sliders of Fig. 5

including both near field and far field. (Only the far-field

viscous dashpot C0 is not covered, which should have

negligible influence on horizontal and rocking responses for

the range of amplitudes and frequencies of interest).

However, the assumed validity of Masing criterion for cyclic

response and energy dissipation under the foundation was

identified by the Checker’s team to be a critical modeling

issue, which needed further clarification and validation.

While the model can be refined to include the coupling

between the various degrees of freedom of the foundation

[8], the specific rheological model implementation for the

design studies of the Rion-Antirion Bridge assumed that all

foundation degrees of freedom are uncoupled, which

represents a significant simplification. The uncoupled

model used in this paper was accurate enough from an

engineering standpoint and was extensively used for the

structural seismic analyses of the bridge.

3. Two-dimensional finite element modeling

A two-dimensional FE model was developed for the soil-

foundation system including soil, inclusions, gravel bed

layer and foundation raft [12]. This FE model was used to

calibrate the simplified rheological model of Fig. 5 for

lateral seismic loading, and to clarify the associated low-

frequency, near-field energy dissipation mechanisms in the

foundation system.

Figure 6 sketches basic aspects of the raft-soil-inclusions

2D FE model used for these static loading–unloading–

reloading analyses, while Fig. 8 illustrates the

100 m £ 400 m overall dimensions of the corresponding

FE mesh. The undrained shear strength profile shown for the

natural clay in Fig. 6 does not correspond to the actual

profile prevailing at any foundation location. Rather, it is a

simplified profile derived from the soil investigations along

the bridge. Otherwise, Fig. 6 reflects foundation design

decisions: a foundation raft on top of the man-made gravel

layer of f ¼ 408 where the inclusion heads are embedded.

As the 2D FE run reported herein was done early in the

project, some of the parameters used in the calculations are

Fig. 4. Substructure dynamic model of soil plus inclusions under the bridge foundation.

Fig. 5. Simplified dynamic rheological model of foundation-soil-inclusions system.
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different from those adopted in the final design of the bridge

foundation.

3.1. Soil constitutive model

Consistent with Figs. 4 and 5, the nonlinear natural and

man-made soil behavior is modeled with elastoplastic

constitutive relationships. A kinematic hardening rule is

used along with the multi-yield surface technique originally

developed by Prevost [13,14]. In this technique, a collection

of nested yield surfaces allows for adjustment of the

kinematic hardening rule to any kind of experimental

hardening law obtained in monotonic triaxial or simple

shear tests. The initial positions and sizes of the yield

surfaces reflect the past stress–strain history of the soil.

During loading and unloading–reloading, the yield surfaces

are allowed to move in stress space to reflect the partial

yielding of the material. The outermost yield surface

represents the failure surface and is fixed in stress space.

The behavior inside the innermost surface is elastic and

isotropic [13].

The objective of the FE analysis is to represent the

nonlinear response of the foundation under seismic loading,

which is rapid enough so that no drainage is possible

in the clay. Therefore, Von Mises yield and failure criteria

(i.e. circular cylinders in principal stress space), are used for

the natural clay deposit. Thus, the constitutive model of the

clay is completely characterized by [13]:

† the elastic parameters (shear modulus, G; and bulk

modulus, B); and

† the plastic parameters (undrained shear strength, Su; and

stress–strain relationship under undrained monotonic

triaxial or simple shear experiment).

These parameters were idealized as functions of depth z

below the original ground surface (sea bed level), based on

the results of soil investigations including in situ cone

penetration and shear wave velocity measurements as well

as laboratory tests. For the elastic shear modulus, G ¼

20z0:65; where G is in MPa and z in m. To model a constant

volume condition under undrained loading, a large bulk

modulus, B; was assigned to the soil, equivalent to assigning

a Poisson’s ratio approaching 0.5 in terms of total stresses.

The undrained shear strength is specified as Su ¼ 30 þ 2:8z;

where Su is in kPa and z in m (Fig. 6). The sizes and

positions of the nested yield cylindrical surfaces which

govern the hardening behavior, were determined from

the stress–strain curve measured in a constant-volume

Fig. 6. Basic aspects of the raft-soil-inclusions 2D FE model.
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monotonic simple shear test, and further verified at small

strains by resonant column testing (Fig. 7).

To fulfill its role as a ‘plastic hinge’, the gravel layer

under the foundation raft must provide a limited and well

defined shear capacity at the soil-foundation interface; this

can be assured if the material remains drained (i.e. pervious

enough to dissipate rapidly during the seismic shaking any

pore pressure induced by the combined cyclic and static

loads). This condition is assumed in the model, and the

gravel layer is characterized in terms of effective stresses,

with Drucker–Prager yield and failure criteria that approxi-

mate the usual Mohr–Coulomb failure law typically used

for cohesionless soils in geotechnical engineering practice.

The flow rule is non-associative and reflects the change

from contractive to dilative behavior as the stress point

crosses the phase transformation line, defined by the

‘characteristic’ friction angle. The model is built on the

same concept of nested yield surfaces with kinematic

hardening already described for the clay layer, but now with

failure surface and nested yield surfaces being circular

cones in effective stress space [14].

The constitutive model of the gravel is completely

defined by:

† the elastic parameters (G and B); and

† the plastic parameters (friction angle, characteristic

friction angle, stress – strain relationship under

Fig. 7. Comparison between constitutive model predictions for the clay and experimental results from constant-volume simple shear and resonant column

testing.
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monotonic triaxial compression test, and dilation

parameter which governs the rate of variation of the

plastic volumetric strain).

These elastic and plastic parameters of the gravel layer

are associated with the solid phase, and thus correspond to

drained loading and effective stresses, in contrast to the clay

which is characterized in terms of total stresses.

The elastic parameters of the gravel are defined by the

following expressions: G ¼ 2000paðs
0
m=paÞ

0:5; and B ¼

2700paðs
0
m=paÞ

0:5; where s0
m is the mean effective stress

and pa is the atmospheric pressure used as a normalizing

factor. A friction angle of 408 is used for the gravel, as well

as a characteristic friction angle of 338. The dilational

parameter is chosen equal to 0.3 [15]; numerical simulations

have shown that the results are rather insensitive to this

dilational parameter.

3.2. Finite element model

The 2D FE analyses were performed with computer

program DYNAFLOW [16], as reported by Geodynami-

que et Structure [12]. Therefore, the calculations corre-

spond to a 1 m-wide slice of the actual 3D system. The

mechanical properties of the inclusions were divided by

their transverse spacing, and an equivalent width was

computed for the foundation. The global FE mesh is

presented in Fig. 8. The overall dimensions are 400 m in

width and 100 m in depth; the soil layer was divided into

35 sublayers. The inclusions were modeled as elastic

beams capable of deforming in both bending and shear;

the length of each inclusion was 25 m, with 2 m in the

gravel layer and 23 m in the clay. A uniform spacing of

7 m between inclusions was used both below and outside

the foundation raft. Each inclusion was modeled with 13

beam elements. The foundation raft (90 m in diameter)

was represented by an equivalent rectangular foundation

with an in plane width of 78 m (Fig. 6) and an out-of-

plane length of 82 m. These rectangular dimensions were

obtained by preserving the area and area moment of

inertia of the original 90 m circle.

Interface elements were introduced in the model along

the inclusions and along the base of the raft. These elements

represent the limited shear capacity that can be mobilized

between two different media; they were modeled with

elastic-perfectly plastic springs having no tensile strength.

As long as the shear stress induced in the interface element

is smaller than its ultimate strength, perfect bonding is

enforced between both media; if tensile forces tend to

develop, a gap is formed and the element no longer

transmits any normal or shear force. Along the raft-gravel

boundary, the ultimate strength of the interface elements

was governed by Mohr–Coulomb criterion with f ¼ 408;

along the inclusions in the clay layer, it was made equal to

the soil undrained shear strength.

3.3. Loading and results of the FE analysis

The load applied to the foundation consisted of a constant

vertical force, V ; (i.e. buoyant weight of the pier caisson

plus foundation), and variable horizontal shear force, T ; and

overturning rocking moment, M (Figs. 6, 8 and 9). Due to

the massive, extremely stiff character of the pier caisson, the

combination of shear force and overturning moment could

be conveniently represented for the pseudo-static analysis

by a horizontal shear force acting at an elevation h above the

foundation level. This elevation corresponds to the pier

mass center of gravity and is approximately equal to 30 m

(Fig. 6). The validity of this assumption that h ¼ 30 m

constituted a reasonable average during seismic shaking

was checked by independent analyses. In the FE model, the

horizontal force, T ; was therefore applied at an elevation

h ¼ 30 m to a rigid frame connected to the foundation

Fig. 8. Global finite element mesh for the 2D FE run using program DYNAFLOW.

Fig. 9. External forces and moment acting on raft.

R. Dobry et al. / Soil Dynamics and Earthquake Engineering 23 (2003) 483–495 489



(Figs. 6 and 8). Therefore, the specific static loads applied to

the foundation raft to approximate conditions during the

seismic shaking are as shown in Fig. 9: a constant

vertical force, V ¼ 860 MN (corresponding to the weight

of pier caisson plus raft), a variable horizontal force, T ; and

a variable rocking moment, M ¼ 30T ; where T is in MN

and M is in MN m. (The sketch of Fig. 9: includes

V ¼ 860 MN corresponding to the original 3D circular

foundation; in the 2D FE run sketched in Fig. 8 the loads

were divided by the 82 m out-of-plane length, and thus

V ¼ 860=82 ¼ 10:49 MN/m.)

The sequence of loading applied to the foundation

included the following three steps:

† Step 1. Initialization of gravity stresses in the soil,

without the structure.

† Step 2. Consolidation of soil by application of structure

weight up to V ¼ 10:49 MN/m (corresponding to

860 MN in actual foundation).

† Step 3. Application of cycles of horizontal force T at

elevation h ¼ 30 m, corresponding to simultaneous

variation of T and M ¼ 30T as shown in Fig. 9.

Each step was applied incrementally. Steps 1 and 2 were

conducted in drained condition (i.e. the pore fluid bulk

modulus was set equal to 0 in the program), and Step 3 was

run under undrained condition in the clay layer (i.e. the fluid

bulk modulus was set to a high value in the program). The

solution of the FE nonlinear system of equations was

obtained by means of an iterative strategy including an

implicit–explicit predictor–multicorrector scheme and a

quasi Newton (BFGS) algorithm.

The hysteresis loops computed by the program for three

increasing values of cyclic horizontal displacement of the

foundation raft, um; are presented in Figs. 10 and 11. These

values are: um ¼ 0:12; 0:34 and 0:55 m. Fig. 10 shows the

results in terms of horizontal force, T ; versus horizontal

displacement, uH; and Fig. 11 presents the results of the

same computer run as rocking moment, M; versus

rotation angle, u; of the raft. The loading sequence is

indicated in the plots. That is, the force T was

first increased monotonically from the origin to Point 1,

where uH ¼ um ¼ 0:12 m, then unloaded to Point 2 where

uH ¼ 2um ¼ 20:12 m, reloaded to Point 3 where, again,

uH ¼ um ¼ 0:12 m, with reloading continued to Point 4 to

the next larger um ¼ 0:34 m, then unloaded to Point 5, etc.

Simultaneously, the moment M ¼ 30T and rotation u

calculated by the FE program were increasing and

decreasing as noted in Fig. 11 by Points 1, 2, 3, etc. That

is, the values of T ; uH; M and u at corresponding points in

Figs. 10 and 11 (e.g. Point 1 in both plots), occur

simultaneously in the loading – unlading – reloading

sequence of the foundation system. The force and moment

presented in Figs. 10 and 11 are relevant to the actual 3D

foundation (i.e. numerical results of the 2D FE analyses

have already been multiplied by the out-of-plane length of

82 m). Note that the loops in Figs. 10 and 11 are not

necessarily closed; for example, while both Points 1 and 3

in Fig. 10 correspond to the same horizontal displacement,

uH ¼ um ¼ 0:12 m, the force T is higher at Point 3. The

static force-displacement and moment-rotation loops cal-

culated with 2D FE program DYNAFLOW and presented

in Figs. 10 and 11, form the basis for the additional

analyses and interpretations presented in this paper.

4. Global energy balance and foundation damping

A global energy and damping analysis was conducted

using the results of the DYNAFLOW FE run summarized in

Figs. 10 and 11 [17], in order to:

† verify that for each of the hysteresis loops, the sum of

external energies associated with the three loads shown

in Fig. 9, is equal to the sum of the internal energies

either dissipated in the soil and at the soil-foundation

interfaces, or stored elastically in the inclusions (energy

conservation principle);Fig. 10. Horizontal force—displacement calculation from 2D FE run.

Fig. 11. Rocking moment—rotation calculation from 2D FE run.
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† provide insight into the physical sources of energy

dissipation through the system, to explain the very

significant damping ratios obtained from the loops in

Figs. 10 and 11, and listed in Table 5

† use this insight to implement simplifications and savings

in further 2D and 3D FE runs of the foundation by

eliminating modeling details that do not contribute

significantly to the overall foundation stiffness and

damping; and

† verify the assumption that the use of the Masing criterion

in dynamic nonlinear analyses of the bridge, in conjunc-

tion with the horizontal and rocking monotonic backbone

curves in Figs. 10 and 11, is either realistic or

conservative in that it predicts equal or less damping

ratios than calculated from the corresponding loops in

Figs. 10 and 11.

Sections 5 and 6 present, respectively, the theory used for

this global energy analysis and the numerical results of

the analysis, together with a discussion on the validity of the

Masing criterion as an engineering approximation of the

seismic foundation response of the Rion-Antirion Bridge.

5. Theory

The global energy conservation requirement for quasi-

static loading of the foundation-soil system may be

expressed as:

ð
v

ð
1
s : d1 dv ¼

ð
s

ð
u

t·du ds þ
ð

v

ð
u

b·du dv ð1Þ

where s is stress tensor, 1 is strain tensor, u is displacement

vector, t is external (traction) load vector applied to the

boundary s; b is external body (i.e. gravity) force vector, and

n is volume of the foundation-soil system. This equation is a

corollary of the principle of virtual work, which also

constitutes the basis of the FEM weak formulation of the

equations of motion. In the analyses reported herein, the

integrations in Eq. (1) are carried following the hysteretic

unloading–reloading loop of the horizontal external load

(e.g. between Points 1, 2, and 3 in Figs. 10 and 11), and

hence much of the energies in Eq. (1) are dissipated

energies.

The left-hand side of Eq. (1) corresponds to the internal

energy dissipated in the soil or at the soil-raft or soil-

inclusions interfaces, plus the elastic energy stored in the

elastic inclusions. The first term at the right-hand side of Eq.

(1) corresponds to the work done by the external horizontal

force, T ; applied at a height of 30 m above the raft (Fig. 6),

which can in turn be decomposed between work done by the

load T at the level of the raft plus work done by the moment

M ¼ 30T : Finally, the second right-hand side term of Eq.

(1) is the work done by the gravitational loads during

vertical displacements. These vertical loads correspond to

the weights of the pier, raft, soil and inclusion elements. In

what follows, each of the general terms in Eq. (1) is

expressed as a sum of contributions specific to the problem

at hand (i.e. 2D static FE run using program DYNAFLOW,

summarized in Figs. 10 and 11). For the 2D FE model, the

volume and surface integrations of Eq. (1) are reduced,

respectively, to surface and line integrations. The results of

these integrations are then multiplied by the transverse

length of 82 m (perpendicular to the FE model), to obtain

the corresponding energies in the 3D system.

The total work done by the internal forces (left-hand side

of Eq. (1)) is labeled
P

Wi and can be decomposed as

follows:

X
Wi ¼

ð
v

ð
1
s : d1 dv

¼ Wg þ Wc þ Wier þ Wiei þ Wel þ Wtip ð2Þ

For the two-dimensional strain solution of the foun-

dation-soil system, and a typical soil (gravel or clay)

element:

s : d1 ¼ sxxd1xx þ syyd1yy þ txydgxy ð3Þ

where ðx; yÞ is a system of Cartesian coordinates, typically

vertical and horizontal.

For the foundation-soil system,
P

Wi in Eq. (2)

comprises:

† Wg ¼
Ð

vg

Ð
1 s : d1dvg; work done by internal forces

(stresses) by soil elements within the gravel layer (of

volume vg), calculated with Eq. (3).

† Wc ¼
Ð

vc

Ð
1 s : d1dvc; work done by internal forces

(stresses) by soil elements within the clay layer (of

volume vc), calculated with Eq. (3).

† Wier ¼
Ð

sr

Ð
1 s : d1dsr; work done by internal forces at

the interface between the raft and the underlying soil of

surface sr: In terms of normal and tangential components

this work may be expressed as Wier ¼
Ð

sr

Ð
1ðsnd1n þ t

dgÞdsr; with sn and t interpreted as the normal and

tangential interface forces, and d1n and dg interpreted as

the normal and tangential interface relative displace-

ments across the interface element. As the normal

relative displacement along the interface should gener-

ally be equal to zero (d1n ¼ 0), it is expected that only

the term tdg contributes to Wier: When uplifting occurs

and d1n is different from zero, the normal force sn ¼ 0;

and again only the term tdg should contribute to Wier.

† Wiei ¼
Ð

si

Ð
1 s : d1dsi; work done by internal forces at

the interfaces between the inclusions and the surrounding

soil (of surface si). The considerations and analytical

expressions for the calculation of Wier apply for Wiei as

well.

† Wel; work done by internal forces of the elastic

inclusions. In view of the elasticity of the inclusions

(i.e. the behavior is not path dependent), the work done

by the internal force is equal to the difference in strain
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energy stored in the inclusions at the end and the

beginning of the loading cycle: Wel ¼
Ð

vðsf : 1f 2 si :

1iÞdv (where si and sf are the initial and final stress

tensors, and 1i and 1f are the corresponding strain

tensors).

† Wtip ¼
Ð

stip

Ð
1 s : d1dstip; work done by internal forces at

the interfaces between the tips of the inclusions and the

surrounding soil (of surface stip).

The two terms in the right hand side of Eq. (1) are the

work done by the external surface and body forces (t and b

respectively), acting on the foundation-soil system, and

their sum is labeled
P

We :

X
We ¼

ð
s

ð
u

t·du ds þ
ð

v

ð
u

b·du dv

¼ WT þ WV þ WM þ WBF ð4Þ

where t·du is increment of work done by the traction force t

during the increment of displacement du; and b·du is the

increment of work done by the body force (gravity) vector b

during the increment of displacement du: For the two-

dimensional solution of the foundation-soil system, these

increments of work may be expressed in terms of the

horizontal and vertical components of t, b and du : t·du ¼ tH
duH þ tVduV and b·du ¼ ragrvduV; where r is mass density

and agrv is acceleration due to gravity. For the foundation–

soil system,
P

We in Eq. (4) comprises (Fig. 9):

† WT ¼
Ð

uH
T duH; work done by the horizontal com-

ponent of the external forces applied to the raft (uH is

horizontal displacement of the point of application of

the horizontal load, T ; at the center of the raft, point O in

Fig. 9).

† WV ¼
Ð

uV
V duV; work done by the vertical component

of the external forces applied to the raft, i.e. the weight of

the pier and the raft (uV is vertical displacement of the

point of application of the vertical load V ¼ 860=82

MN=m at the center of the raft, point O in Fig. 9).

† WM ¼
Ð
u M du; work done by the external moment M ¼

30 T applied to the raft (Fig. 9).

† WBF ¼
Ð

v

Ð
uV
ragrv duV; work done by the body gravity

forces acting on the soil and inclusion masses (r is mass

density and agrv is acceleration due to gravity).

The numerical evaluation of the energies and works

described above is based on the discrete counterparts of

the corresponding expressions. Thus, integrals along the

load path (i.e.
Ð

u ð Þdu or
Ð
1 ð Þd1) and space-integrals (i.e.Ð

v ð Þdv for volume integrals or
Ð

s ð Þds for surface integrals)

are replaced by summations. Volume integrals are tackled

using summation over the whole set of finite elements

assuming that stress, strain, and displacement fields (as well

as mechanical properties) are constant over any given

element.

6. Analysis of energy balance and damping

The results of the energy and damping computations are

summarized in Tables 1–5. All calculations were conducted

using digital data corresponding to both input and output of

the 2D FE DYNAFLOW run which produced the results of

Figs. 10 and 11. The meanings of the symbols for the energy

contributions in Tables 1–4 and the expressions used to

calculate these contributions were explained in the previous

section. All contributions correspond to a rectangular

foundation and have already been multiplied by the

out-of-plane length of 82 m when appropriate. Three

unloading–reloading loops were identified as follows by

Points 1–9 shown in Figs. 10 and 11:

First loop: Maximum horizontal displacement, um ¼

0:12 m (Points 123)

Second loop: Maximum horizontal displacement,

um ¼ 0:34 m (Points 456)

Third loop: Maximum horizontal displacement, um ¼

0:55 m (Points 789).

Table 1

External energy input

Loop um

(m)

WT

(MN m)

WM

(MN m)

WV

(MN m)

WBF

(MN m)

SWe

(MN m)

123 0.12 153.6 19.4 NC 173.0

48.9a (221.9)

456 0.34 718.9 105.6 NC 824.5

115.7a (940.2)

789 0.55 1487.5 157.8 NC 1645.3

130.1a (1775.4)

NC: not computed.
a Uncertain estimate

Table 2

Internal energy dissipated/stored

Loop um (m) Wg (MN m) Wc (MN m) Wier (MN m) Wiei (MN m) Wel (MN m) Wtip (MN m) SWi (MN m)

123 0.12 37.6 143.0 17.2 0.3 1.8 0.3 200.2

456 0.34 183.1 530.7 66.0 4.5 14.6 1.2 800.1

789 0.55 256.5 674.1 722.3 29.6 12.5 12.4 1707.4
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While the starting point of each loop is well defined, this

is not true for the ending point as the first and second loops

are not closed. Therefore, a criterion of equal maximum

horizontal displacement was used in Fig. 10, with the values

of displacement as listed above. For example, the first loop

starts at Point 1 (tip of the loop) and ends at Point 3 (not a tip

of any loop), with both Points 1 and 3 corresponding to the

same displacement of 0.12 m. The same beginning and end

loading steps were then used to define the corresponding

beginning and end of the loop in Fig. 11.

Table 1 gives for each loop, the external energies

associated with the horizontal force, T ; moment, M; and

vertical force, V : In all three loops, the contribution of the

horizontal force T ; WT; was much larger than the rocking

and vertical contributions. The contribution of V ; WV; is

shown in parenthesis, as there is considerable uncertainty

about this value, computed assuming that V is constant and

always located at the center point of the raft. For

completeness, Table 1 also has a column for the contri-

butions WBF of the vertical movements of the weights of the

soil and inclusion elements; these could not be calculated

because the node displacements were generally not

available. It is believed that the values of WBF were small.

The last column of Table 1 shows the sum of contributions

of the external loads, with and without including WV.

Table 2 shows the internal energies dissipated or stored

in the soil gravel and clay layers, interface elements under

the raft and at the sides of the inclusions, stored elastically in

the inclusions themselves, and dissipated at the tip elements

under the inclusions. Most of these energies increased as

the displacement of the loop increased, as expected. In

general, most of the energy dissipation took place in the soil,

except for the third loop where almost half of the energy was

dissipated by sliding along the interface elements under the

raft (as shown by the high value of Wier in the table for this

loop).

Table 3 verifies the global energy balance between

internal and external energies. For the second and third

loops, the agreement is excellent (within 5%), while for the

first loop, the difference is 13%. This greater error is

attributed to: (i) use of every fifth loading step in the energy

calculations, and (ii) neglecting the term WV corresponding

to the work done by the vertical force V : Both potential

sources of error are relatively more important for this

smaller first loop than for the other two loops.

Table 4 breaks down the contributions of the various

parts of the system to the global energy dissipation. That

is, the table shows how much of the combined energy

inside the horizontal force–displacement and rocking

moment–rotation loops in Figs. 10 and 11, is dissipated

or stored in the various soil, structural and interface parts.

Table 4 is expressed in percentages. For the first two

loops, two thirds of the energy was dissipated in the clay,

with most of the rest dissipated in the gravel. The

contribution of sliding under the raft for these two loops

(WierÞ was less than 10%. On the other hand, for the third

and largest loop, sliding under the raft was almost half of

the total, with the clay and gravel soils contributing the

other half. This is consistent with the very large damping

ratio (almost 60%) associated with this loop in the

horizontal force–displacement plot (Fig. 10 and Table 5),

as well as with the shape of this loop, which exhibits large

plateaus at the ends of both unloading and reloading

branches. Another important conclusion from Table 4 is

that the contact surfaces around the inclusions, rep-

resented by the sum of terms Wiei and Wtip; contributed

less than 3% of the total internal energy dissipated or

Table 3

Comparison between external and internal energies

Loop um (m) SWe (MN m) SWi (MN m) SWe=SWi

123 0.12 173.0 200.2 0.87

456 0.34 824.5 800.1 1.03

789 0.55 1645.3 1707.4 0.96

Table 4

Percentage contributions of different parts of the system to total internal

energy

Part Loop 123

(um ¼ 0:12 m)

Loop 456

(um ¼ 0:34 m)

Loop 789

(um ¼ 0:55 m)

Gravel, Wg 18.8 22.9 15.0

Clay, Wc 71.5 66.4 39.6

Interface raft, Wier 8.6 8.2 42.3

Interface

inclusions, Wiei

0.1 0.6 1.7

Elastic energy

inclusions, Wel

0.9 1.8 0.7

Inclusion tips, Wtip 0.1 0.1 0.7

TOTAL 100 100 100

Table 5

Equivalent damping ratios (%) of external loads

Loop 123

(um ¼ 0:12 m)

Loop 456

(um ¼ 0:34 m)

Loop 789

(um ¼ 0:55 m)

Horizontal Force–Displacement

(a) From FE loop 42.0 46.8 59.1

(b) From monotonic

curve and Masing

criterion

24.6 29.8 23.5

Rocking Moment–Rotation

(a) From FE loop 31.2 44.1 32.2

(b) From monotonic

curve and Masing

criterion

12.1 24.5 29.4
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stored. This result was used to eliminate the interface

elements around the inclusions in subsequent 3D FE

analyses conducted as part of the bridge project, thus

simplifying the 3D models and increasing convergence

speed significantly. An additional piece of information not

included in Table 4, but calculated by the authors, is that

out of the 15.0–22.9% of the total energy dissipated in

the gravel, about half was dissipated in work associated

with volumetric strains. That is, approximately 10% of the

total energy dissipated was related to volumetric changes

in the gravel layer during drained unloading–reloading.

On the other hand, the whole contribution of the clay soil

to energy dissipation in Table 4 was associated with

shearing of the soil, as no volumetric changes were

allowed.

Table 5 lists the equivalent damping ratios calculated

for the three loops of Figs. 10 and 11. To define the

elastic energy triangle needed for this calculation, the end

point of the loop was used (e.g. Point 3 for the first loop

in both Figs. 10 and 11). This table also includes the

dampings computed from the corresponding monotonic

backbone curves assuming Masing criterion. All damping

ratios from the horizontal force–displacement loops are

very large and they increase with um from 42 to 59%.

This very high damping for the third loop was clearly

associated with the large amount of sliding taking place

during application of large displacements up to

um ¼ 0:55 m (see high Wier in Table 2). The damping

ratios from the rocking moment–rotation loops, while still

large (31–44%) are somewhat smaller than the horizontal

force–displacement ones. It is also interesting that in the

third loop, the damping for rocking moment–rotation is

relatively small, again confirming that sliding was the

controlling factor for the 59% damping ratio listed in the

table for the corresponding horizontal force–displacement

loop. All damping ratios computed using Masing in Table

5 are significantly smaller than the ones obtained from the

FE run, both for horizontal force–displacement and

rocking moment–rotation. For horizontal force–displace-

ment, these Masing dampings are in fact quite similar for

the three loops (24–30%), consistent with the fact that the

backbone curve for the large loop in Fig. 10 does not

suggest failure, while the loop itself does.

The results of the 2D FE run in Table 5 would seem to

suggest that the use of the Masing criterion is always

conservative. However, this conclusion is quite sensitive to

two aspects of the FE run reported herein: the specific

stress–strain constitutive relation(s) used for the soil, and

the specific loading condition used in the run. Other 2D FE

runs conducted in the bridge project showed a better

agreement between damping ratios obtained from the loops

and those using Masing. Therefore, the systematic use of the

Masing criterion for the foundation as part of the dynamic

analyses of the bridge was based on the conclusion that this

assumption is either realistic or conservative. Another

consideration relevant to the validity of the Masing criterion

is the height of the lever arm, h ¼ 30 m, utilized in the

results presented herein and related to the heights of the

piers in the Rion-Antirion Bridge (Fig. 6). Additional 2D FE

runs conducted with significantly higher values of h (not

shown here), revealed high rotations and potential uplift of

the foundation raft. After uplift occurred, use of the Masing

criterion overestimated the damping ratio and hence was

unconservative. While these much larger values of h and of

foundation rotation do not apply to the actual conditions of

the Rion-Antirion Bridge, the results again indicate the need

to exercise caution. That is, the results of Table 5 should not

be automatically assumed to be valid for other systems and

seismic loading conditions, and the validity of the Masing

criterion as an engineering approximation should be

independently verified using tools similar to those described

in this paper.

7. Conclusions

Main conclusions of these energy and hysteretic damping

calculations from this 2D FE run using program DYNA-

FLOW are:

1. The calculations indicate reasonable balance between the

internal and external energies associated with each of the

three unloading–reloading loops, thus allowing identifi-

cation of the contributions of the various components of

the system to the total hysteretic energy dissipated jointly

by the horizontal force and rocking moment acting on the

foundation.

2. For foundation cyclic lateral displacements up to 0.34 m,

about 90% of the total energy was dissipated in the two

soil layers, mostly in the clay, with only about 8%

dissipated by horizontal sliding along the interface

elements under the raft. The combined contributions to

total energy dissipation of the rest of the system

(interfaces along inclusions and inclusion tips, and

elastic energy changes in inclusions) were less than 2–

3% in these two loops. This last result allowed better

planning of 3D FE analyses conducted as part of the

bridge project (not included here), in terms of not

including the interfaces around the inclusions. This

simplified the FE model and improved convergence

speed.

3. When the foundation cyclic lateral displacement was

increased to 0.55 m, the contribution of horizontal

sliding along the interface elements under the raft

jumped from 8 to 42% of the total, while that of the

two soil layers decreased from 90 to 55%. The rest of the

system again contributed only about 3% to total energy

dissipation in this loop. The great importance of

horizontal sliding suggested by those energy calculations

for this loop, is consistent with the very significant

plateaus observed in the two branches of the horizontal
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force–displacement loop at foundation level. It is also

consistent with the role of plastic hinge assigned in the

design to the raft-gravel interface.

4. At foundation level, all equivalent damping ratios

associated with the horizontal force–displacement

loops were very large, increasing with the displace-

ment of the loop and ranging from 42 to 59%. This

last, very large value of damping was clearly

associated with the sliding taking place between raft

and gravel. The damping ratios from the rocking

moment–rotation loops were somewhat smaller (31–

44%), and they did not clearly increase with the

displacement of the loop, consistent with the fact that

much of the energy was dissipated at large displace-

ments through cyclic horizontal sliding rather than

rotation of the foundation.

5. The foundation equivalent damping ratios computed

using the Masing criterion from the FE-calculated

monotonic horizontal force–displacement and rocking

moment–rotation curves, were significantly smaller

than those obtained from the areas of the correspond-

ing loops. For horizontal force–displacement, the

range of damping ratios using Masing was 24–30%

compared to 42–59% obtained from the loops. For

rocking moment–rotation, the range of damping ratios

using Masing was 12–29% compared to 31–44%

obtained from the loops. These results, in conjunction

with other 2D FE results, indicated that the use of

Masing criterion for the seismic analyses of the Rion-

Antirion Bridge was either realistic or conservative.

However, these and other studies indicated that for

other systems and seismic loading conditions the use

of the Masing criterion may be unconservative.

Factors identified as having significant influence on

the validity of the Masing assumption were the soil

stress–strain relation and the possibility of foundation

uplift.
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