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SUMMARY

This paper aims to develop an improved understanding of the critical response of structures to multicomponent
seismic motion characterized by three uncorrelated components that are defined along its principal axes: two
horizontal and the vertical component. An explicit formula, convenient for code applications, has been derived
to calculate the critical value of structural response to the two principal horizontal components acting along
any incident angle with respect to the structural axes, and the vertical component of ground motion. The
critical response is defined as the largest value of response for all possible incident angles. The ratio rer/Frss
between the critical value of response and the SRSS response—corresponding to the principal components of
ground acceleration applied along the structure axes—is shown to depend on three dimensionless parameters:
the spectrum intensity ratio y between the two principal components of horizontal ground motion characterized
by design spectra A(T,) and yA(T,); the correlation coefficient « of responses r and r, due to design spectrum
A(T,) applied in the x- and y-directions, respectively; and f=r,/r.. It is demonstrated that the ratio 7er/Fowss
is bounded by 1 and \/(2/1 + 72). Thus the largest value of the ratio is v/2, 1.26, 1.13 and 1.08 for y=0,
0.5, 0.75 and 0.85, respectively. This implies that the critical response never exceeds v/2 times the result of
the SRSS analysis, and this ratio is about 1.13 for typical values of 7, say 0.75. The correlation coefficient
o depends on the structural properties but is always bounded between —1 and 1. For a fixed value of 7,
the ratio rer/rass is largest if f=1 and o= + 1. The parametric variations presented for one-storey buildings
indicate that this condition can be satisfied by axial forces in columns of symmetric-plan buildings or can
be approximated by lateral displacements in resisting elements of unsymmetrical-plan buildings. Copyright
© 2000 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The response of structures to multicomponent ground motion has been examined in several publica-
tions [1-9]. Translational ground motion is decomposed usually into three components: two in the
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horizontal plane and one in the vertical direction, with rotational ground motion neglected. When
defined along a special orthogonal system of axes, the ground motion components are uncorrelated
[10, 11]. This system of axes, defined as the principal axes of ground motion, are oriented such
that the major principal axis is horizontal and directed toward the epicentre of the earthquake, the
intermediate principal axis is in the orthogonal principal direction, and the minor principal axis is
vertical [10]. The components of the ground motion along any other orthogonal system of axes are
obviously correlated.

Because the location of the epicentre is not known, it is necessary to determine the response
of a structure for all possible orientations of the principal axes and design for the largest or
critical response. To determine this response, the CQC3 rule has been developed, which describes
the structural response as a function of the incident angle (the angle between the principal axes of
ground motion and the reference axes of the structure) of seismic components described in terms of
response spectra [6—8]. Because the CQC3 equation provides a simple formula for determining the
critical angle, it is not necessary to determine the response for various values of the incident angle.
The CQC3 equation, evaluated numerically for this critical angle, provides the critical response.

The overall objective of this paper is to develop an improved understanding of the critical re-
sponse of structures to multicomponent ground motion. The specific objectives are as follows:
(1) develop an explicit formula for the critical response in terms of the responses to single com-
ponents of ground motion applied separately along the three structural axes and the correlation
between these responses; (2) develop an upper bound for the critical response; and (3) identify
the ground motion and system parameters that influence the critical response and the variation of
the response with the incident angle. The first part of the paper presents results applicable to any
structure, followed by a parametric study of one-story building systems.

2. CRITICAL RESPONSE OF STRUCTURES
2.1. Earthquake excitation

The excitation is defined in terms of design spectra associated with the principal directions of the
translational components of ground motion, which are oriented along the two horizontal axes 1 and
2 and the vertical axis z, as shown in Figure 1. The pseudo-acceleration spectra are denoted as
A(T,) for the major principal axis, yA4(7,) for the intermediate principal axis, and A.(7,) for the
minor principal axis; 7, is the natural vibration period of a single-degree-of-freedom system.

Note that the design spectra in the two horizontal directions have the same shape and differ
by the ratio y of spectrum intensities where 0 < y < 1. The ground acceleration components
along the principal axes (1, 2, and z) are assumed to be uncorrelated [10, 11]. They do correlate,
however, if defined along any other set of axes, for example, along x, y, and z (the reference
axes of the structure). As shown in Figure 1, 6 denotes the orientation of the earthquake’s major
principal axis relative to structural axis x. Defined as the incident angle of the ground motion, 0
in the counter-clockwise direction is taken to be positive.

2.2. Structural response-incident angle relation

The peak response of a structure to a single component of ground motion applied along one of
the structure axes is commonly evaluated using the response spectrum method. Accounting for
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Epicenter

Figure 1. Definition of principal axes of ground motion, structural axes, and 0 in the horizontal plane.

the correlation among ground motion components mentioned above, these individual responses are
combined using the CQC3 rule to obtain the mean peak value r(0) of the total response [6—8],
where r is a specific response quantity that can be expressed as a linear function of the nodal
displacements of the structure

7(0)={[r} + (yry)*1cos® 0 + [(yrx)* + 13 sin® 0+ 2(1 — 9" )1y, sin 0 cos O+ r2}'/2 (1)

where r, and r, are the mean peak values of response quantity » due to a single component of
ground motion defined by the spectrum A(7,) applied first along the x-direction and then along the
y-direction, respectively; and 7, is the mean peak value of » due the vertical component of ground
motion defined by the spectrum A.(7,). The peak response, r; (k=x,y,z), to these individual
components of ground motion is given by the CQC combination rule [12]

12
Yy = {Zzpijrkirkj} (2)
i

where 7y is the peak response due to the ith natural mode of vibration, and p;; is the modal
correlation coefficient for modes i and j. The term ry, in Equation (1) is a cross-term of the modal
responses that contribute to 7, and r,:

Fey =22 D Pilail'yj 3)
o

Equations (2) and (3) can be written in terms of the modal static responses [13] as follows:

12
1= {Z > Pt Aki Akj} Fey =203 Pijlil 'y Avi Ay 4
roJ L

where Ay; is the spectral acceleration for the ith mode, k=x, y and z, and rj} is the ith modal
static response associated with ground motion in the kth direction.

2.3. SRSS response

If the principal components of ground acceleration are applied along the structural axes, the response
is given using Equation (1) with 6 =0° when the major principal component is oriented in the
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x-direction, and Equation (1) with § =90° when the major principal component is oriented in the
y-direction. Therefore,

r(0=0)={r? + (yr,)* + r2}'2, r(9:90°):{(yrx)2+r£+rzz}l/2 (%)

These equations represent the SRSS combination of responses to the individual components of
ground motion. Here, the larger of these two response values will be defined as the SRSS response,

rS[’SS .

Farss = max[r(0=0), r(0=90°)] (6)

2.4. The cross-term ry, and correlation coefficient o

If the principal components of ground motion coincide with the structural axes, i.e. the incident
angle is 8 =0 or 90°, the total response is given by Equation (5) (the SRSS rule) by combining
uncorrelated responses to the three uncorrelated components of ground motion. For other values of
0, the responses are correlated, as indicated by the term containing 7y, in Equation (1). Observing
the structure of Equation (3) for ry, and Equation (2) for 7, and r,, it is apparent that 7., measures
the correlation between responses 7, and r, to ground motions that are perfectly correlated.

The correlation coefficient o for responses r, and r, is defined as

p= (7

I"x}"y

which is defined for r, #0 and r, # 0. For any structure and any spectral shape, « is bounded as
follows (see Appendix A):

~1<a<l (8)

The limiting values of o, 0 and £1, denote that responses r, and r, (to perfectly correlated ground
motions) are uncorrelated and perfectly correlated, respectively.

2.5. Critical angles

Because the value of 6 may not be known, it is prudent to design for that value of 6 that gives
the largest response. Differentiating Equation (1) with respect to 6 and setting the derivative equal
to zero gives the critical values of the incident angle [6—8].

_ 2
X ry

Hcr = % tan_l [rzzrxy ] (9)
Equation (9) leads to two values of 0 between 0 and 180°, separated by 90°, which give the
maximum (7y.x) and minimum (ry,;,) response values. Note that the critical values of 6 are in-
dependent of the intensity ratio y between the horizontal components of ground motion and are
not influenced by the vertical component; in particular, 6. is the same whether the ground motion
contains one horizontal component or two components. For the special case of y=1 (i.e. two
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equally intense horizontal components of ground motion), Equation (1) indicates that the response
is independent of the incident angle.
Equation (9) can be rewritten in terms of two dimensionless parameters, o and f3:

2af
1— p?
where the response correlation coefficient a is given by Equation (7), and f§ is a positive parameter
defined as the ratio of responses r, and r,:

tan(20.,) = (10)

p=" (1)
Ix
Observe that 6., = 0° if either one of o or f§ is equal to zero; if f=1, 0., =45 or 135°, depending
on the sign + or —, respectively, of the correlation coefficient o.

2.6. Explicit formula for the critical response

To determine 7y, and 7y, the maximum and the minimum values of r(0) in Equation (1),
usually the two numerical values of 0. determined from Equation (9) are substituted for 0. We
can, however, derive explicit equations for rm,x and rm;, by recognizing that they represent the
combined response to three components of ground motion acting in directions 1, 2 and z, with
0=10., as shown in Figure 1. If the responses to these uncorrelated individual components of
ground motion are denoted by |, y7, and r;, respectively, the combined response is given by the
SRSS rule

Fmax = {77+ (a2 #1232 = {Om )P+ 2 2P (12)

To determine »; and r,, we specialize Equation (1) for a single horizontal component of ground
motion by substituting y=0, delete the response to the vertical component, and substitute for
sin(f;) and cos(0,) determined from Equation (9). The result is similar to the equations for
principal stresses found in textbooks in mechanics:

12

2
r2 4 r? r2 — 2
¥, = ol 2 Y + al 2 Y +I’)‘(2y (13)

Finally, by substituting Equation (13) into Equation (12), we obtain the critical response r¢:

1/2

r2 472 72— 2 ?
Yer = Pimax = (1+v2)<xT}>+(l—v2) ( y) +R2 4y (14)

2

The explicit formula given by Equation (14) is convenient for design purposes, especially code
applications, because it avoids computation of the two critical angles, as required in previous works
[6-8], and provides a rational basis to determine the critical response from 7, r,, and #,. The first
two represent responses to an individual component of ground motion applied along the x- and
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Figure 2. Ratio of critical and SRSS values of response as a function of y for selected values of o and f.

the y-axis of the structure, respectively, responses that are commonly evaluated by the response
spectrum method; 7, is a measure of correlation between responses 7 and r,. In addition, Equation
(14) is not computationally demanding, requiring calculation of 73!, 4y, and p;;, which are readily
available if the conventional CQC modal combination rule is implemented in the dynamic analysis
software to calculate 7 and 7.

2.7. Bounds for the critical response

The ratio of the critical response due to horizontal ground motion, Equation (14) with », =0, and
the response from SRSS analysis (Equations (5) and (6)), is given by

o™ {(1 PN P2 + (=PI~ /2 + () }1/2 (15)

1+ (yp)? or y2 + f2

Vsrss

wherein the denominator has two alternatives expressions: the first is valid if 7(0=0°) = r(0=90°),
implying that . > r, or f < 1; the second applies if #(0=0°) < »(0=90°), implying that r, < r,
or § = 1. Note that the ratio r/rgss depends on dimensionless parameters o, §, and . It can be
shown that r./rgss is identical for f values that are reciprocal to each other.

Figure 2 plots Equation (16) as a function of correlation coefficient o for several values of f§
and four values of y: as the spectrum intensity ratio y increases, we would expect rggs and 7 to
increase, however, r/ryss decreases. For y =1, r/rgss = 1, independent of o and f, implying that
the SRSS analysis is correct only if both horizontal components of ground motion have the same
intensity. For fixed values of y<1 and f, the response ratio r/rgss is largest at o = 41, i.e. when
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(rcr/rsrss)max

Y

Figure 3. Upperbound for the ratio of critical and SRSS values of response as a
function of the spectrum intensity ratio 7.

responses 7 and 7, are perfectly correlated. Among all values of f, r/ras is largest for f=1, i.e.
te=ry. For =0, re/rees =1, independent of § and 7, implying that the SRSS analysis is correct
if responses 7 and 7, are uncorrelated. For a fixed value of 9, re/Fuss is largest when a= 41 and
f =1, simultaneously; the latter condition implies that 0., =45 or 135°.

The critical response is bounded as follows (see Appendix B):

[ 2
Fsrss S For S Frss T"/z (16)

Plotted as a function of y (see Figure 3), the upper bound value, (r¢;/Fsss )max, has values V2, 1.26,
1.13, and 1.08 for y=0, 0.5, 0.75, and 0.85, respectively, implying that the critical response value
does not exceed /2 times the resut of the SRSS analysis [14]. For typical values of the spectrum
intensity ratio y, say 0.75, this ratio is 1.13. Equation (16) and the resulting conclusions are valid
for any structure and any spectral shape A(7},).

3. ONE-STOREY SYMMETRICAL-PLAN BUILDINGS
3.1. System and ground motion

Consider an idealized one-storey system with a rigid square slab of mass m supported on four
massless columns clamped at the slab and at the base (Figure 4). The height of the columns is
0.4 times the bay length, L. The first natural vibration mode involves uncoupled motion in the
x-direction at period T, and the second mode describes uncoupled motion in the y-direction at
period T,. The damping ratio { is assumed to be 5 per cent in both modes.

The ground motion consists of two horizontal components. The major principal component is
defined by the pseudo-acceleration design spectrum [15] shown in Figure 5, for peak ground accel-
eration, velocity, and displacement equal to 0.5g, 24 in/s and 18 in, respectively, 84.1 percentile
response and 5 per cent damping. The intermediate principal component of ground motion is defined
by y times the spectrum shown in Figure 5.
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Figure 5. Pseudo-acceleration design spectrum.

3.2. Structural response

By specializing Equation (4) for the system depicted in Figure 4, and recognizing that only the
first mode contributes to 5 and only the second mode to 7,, we obtain

’36:|”;Sct1|Ax1a ”y:|’";t2|Ay2’ ’Scy:plﬂ;tl”;tzAxlAyZ (17)

Substituting Equation (17) into Equations (7) and (11), gives o and f for the system shown in
Figure 4:

},.st rst A
: 2 2 2
o= sign [ == |, = |== 18
P12 S1g (ri}) B r;tl A, (18)

where the notation “sign” means that « is positive if »5| and r;tz have the same algebraic sign and
is negative if the two algebraic signs are different. The response correlation coefficient o is simply
the modal correlation coefficient pj,, but with a positive or negative sign.
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Table 1. Modal static responses, response correlation coefficient and response ratio.

Response quantity sy s o B
I8 m 0 Undefined 0
N, +0.1m +0.1m +p12 Ay /A
Nb —0.1m +01m —pP12 AyZ/Axl
N —0.1m —0.1m +p12 Ay2/Ax
Nd +01m —0.1m —pP12 AyZ/AXl
1
o

Columns a and ¢

0.5 L
i § Columnsbandd

T S S S S S T S G R G S
- + y t } 1

0 0.5 1 15 2 25 3

TJTy

Figure 6. Correlation coefficient o for the axial force in four columns of the one-storey symmetrical building.

3

T.IT,
Figure 7. Response ratio f§ for the axial forces in four columns of the one-storey symmetrical building.

Table I shows the modal static responses, the response correlation coefficient o, and the response
ratio f for selected response quantities: base shear V4, in the x-direction and axial forces N,, Ny,
N, and Ny in columns a, b, ¢, and d, respectively (Figure 4). Although not shown in Table I,
shear forces and bending moments along the x-direction in the columns, have the same o and f
values as for the base shear V.

The response correlation coefficient o for the axial forces in columns a, b, ¢ and d is plotted
against the period ratio 7./7, in Figure 6. This is the well-known modal correlation coefficient
found in texbooks [13], but with a positive or negative sign depending upon the response quantity
being considered. Figure 6 confirms the earlier result (Equation (8)) that o is bounded by —1
and 1; «= + 1 or —1 when I, =T, ie., the x- and y-vibration modes have identical vibration
periods. For the design spectrum of Figure 5, the response ratio f§ for the axial force in the four
columns (Table I) is plotted against the period ratio 7y/7, in Figure 7, for three different values
of T,. Observe that f=1 if T, =T}, but may be larger or smaller than 1 depending on the values
of T/T, and T,.
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Figure 8. Variation of response with incident angle for several values of y: (a) base shear in x-direction
for systems with 7, =0.5s, (b) column axial force for systems with 7y =7, = 0.5s, (¢) column axial
force for systems with 7. =T,/3, 7, =0.5s.

3.3. Variation of response with incident angle

The variation of V},, normalized relative to the structural weight (w=mg) with 6, is presented
in Figure 8(a) for systems with 7, =0.5 s and several values of 7. Because ,=0 and 7, =0
(Equation (17) and Table I), these results are not dependent on 7. The value of 7 is obtained
from Equation (17), Table I, and the design spectrum (Figure 5): 5 = 1.355w.

To interpret these results, Equation (1) is specialized whereby r is replaced by V;,/w:

Vo(0)
w

A(Ty .
:%\/cos2 0 + 92 sin® 0 (19)

wherein for this system A(7,)/g=1.355. Note in Figure 8(a), if both components of ground mo-
tion have the same intensity (y=1), the x-base shear is independent of 6; Equation (19) gives
Vp(0)=1.355w. For a fixed 0, the response increases as y increases, indicating increasing inten-
sity of the weaker component of ground motion, as intuition would suggest and illustrated by
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Equation (1). As we shall see later, these two observations apply to all response quantities, but
the following observations are restricted to V4,: for any value of y<1, V; is largest if 0 =0° and
smallest if 0=90°.

These observations can be explained easily: 6 = 0° implies that the stronger component of ground
motion is applied along the x-direction, which clearly gives the maximum base shear in the x-
direction: V(6 =0°)=1.355w (from Equation (19)); the weaker component of ground motion does
not contribute to the x-base shear. 0 =90° means that the weaker component of ground motion
is applied along the x-direction, which clearly gives the smallest base shear in the x-direction:
V(0 =90°)=1.355yw (from Equation (19)), with no contribution from the stronger component of
ground motion acting in the y-direction. For other values of 6, both components of ground motion
contribute to V}, which takes on intermediate values.

The variation of the axial force N, in column a, normalized relative to the structural weight with
0, is presented in Figure 8(b) for a system with identical periods 7, =7, =0.5 s. For this response
quantity, # = Na., 1, = Nay, and 7, = Ny, are all non-zero and influenced by both 7, and T,.
For this system, Nu =N,y =0.1mA(7T,) (from Equation (17) and Table I), and «= +1 and f=1
(from Equation (18) and Table I).

To interpret the results shown in Figure 8(b), we specialize Equation (1) by replacing » with
Ny/w:

Na(g) _ OlAg(Tx){(l +,y2)+2(1 o yZ)Sin 9 cos 6}1/2 (20)

w

Observe in Figure 8(b) that the axial force for any angle 6 may be larger or smaller than the axial
force for 0 =0 or 90°; because Nyx =N,),, N, is the same for these two 6 values. The maximum
and the minimum values of N, occur for incident angles when 0=45 and 135°, respectively,
confirming the earlier result for « = + 1 and ff =1, as in this example.

The variation of N, with 6 can be explained as follows: consider first a single component of
ground motion, i.e. y=0, in which case Equation (20) gives N, =0.1355w for 6=0 and 90°,
N, =0.1355w/2 for #=45°, and N, =0 for §=135°. Ground motion in the x-direction (6= 0°)
excites only the x-mode of vibration, and the axial force is N, =0.1355w. Similarly, ground mo-
tion in the y-direction (0=90°) excites only the y-mode of vibration, and the axial force is
N, =0.1355w.

Ground motion ug(¢) along a diagonal (§=45°) can be resolved using two components:
ug(t)cos 45° in the x-direction and ug(?)sin 45° in the y-direction. These resolved components
result in axial force N, =(0.1355w)cos 45° and N,, =(0.1355w)sin 45°, respectively. Because
the responses are perfectly correlated (pj; = 1), these two peak values occur simultaneously. Thus
the combined peak value becomes N, = (0.1355w) cos 45°+(0.1355w) sin 45° =0.192w. A parallel
development for 0 =135° leads to N, =(0.1355w)cos 135° + (0.1355w) sin 135° =0; both results
are the same as obtained in Equation (20), shown in Figure 8(b).

Next, we consider two components of ground motion. As the intensity of the second component
increases, i.e. y increases, the response value increases for all values of 0, consistent with intuition.
As discussed earlier, because the less intense component of ground motion along 6 =135° causes
no axial force, the response is unaffected by 7y if the incident angle is 0 =45°.

The variation of the axial force N, in column a normalized relative to the structural weight
w with 0, is presented in Figure 8(c) for a system with well-separated periods: 7, =0.167s and
T, =0.5s. For this system, Np =N,y = 0.1355w (from Equation (17), Table I, and Figure 5); =1
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Figure 9. Variation of structural response with T, for several values of 0 and two values of y. Parts (a) and
(b) show results for Vy/w; parts (c) and (d) are for N,/w.

and p,=0, hence Ny, =0 and «=0 (from Equation (18), Table I, and Figures 6 and 7). To interpret
the results shown in Figure 8(c), we specialize Equation (1) with » replaced by N,/w:

%9) ~0.1355\/1 + 72 1)

Observe in Figure 8(c) that the axial force is essentially independent of the incident angle 6, which
is the case because for a system with well separated periods, Ny, =0 and Ny =Ny,

3.4. Variation of response with T,

The peak value of V4, normalized relative to the weight w, for systems with a fixed 7, =0.5s is
plotted for y=0 and 0.75 against 7, in Figures 9(a) and 9(b). For 6 =0°, the plot is identical to
the design spectrum shown in Figure 5; for other values of 6, the plot appears to be multiplied by a
0-dependent factor that is less than one. In Equation (19) this factor is equal to one for 0 =0° and
y for 0=90°, and takes on values between one and y for other values of 0. This simple variation
of V}, with T; is because the x-base shear due to ground motion in the y-direction is zero.

The variation of N, with 7, shown in Figures 9(c)—(d) is more complicated because it is affected
by ground motion in both x- and y-directions. These results permit several observations. If 6 =0°,
the variation of N,/w with T; is identical to the design spectrum, except for a scale factor that
is dependent on the spectrum intensity ratio, as suggested by Equation (20). For other values of
0, the variation of N,/w with T, is more complicated and is dependent on the values of 6 and
y, reaching a peak when Ty =T, the largest being when 0=45°; reasons for these trends were
identified in the preceding section.
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Figure 10. Variation of the ratio of critical and SRSS responses and critical angle with 7y/7, for the axial force
in column “a” of the one-storey symmetrical building; 7}, =0.5s.

For values of 0 different than 45°, increasing the value of y smoothes the differences between
the axial force at each angle 0, although significant differences remain when y=0.75 as shown in
Figure 9(d). For the limit case of y =1, the responses are independent of 6.

3.5. Critical response and critical angle

Next, the ratio 7 /ryss Of the critical response and the response from the SRSS analysis (Equation
(15)), and the critical angle (Equation (10)) are examined for two response quantities: base shear
Vy in the x-direction and axial force N, in column a. For the x-base shear, this ratio is always
equal to one and the critical angle is zero. Such is the case because the x-base shear is not affected
by the y-component of ground motion; 7, = =0, as shown in Table I.

The above-mentioned results for the axial force in column a are presented in Figure 10 for a
one-storey system with fixed 7, =0.5s and T; over a range of values. As the spectrum intensity
ratio y increases, we expect ryss and 7, to increase, however r,/ryss decreases.

The SRSS analysis gives the correct critical response if the vibration periods, 7y and 7, are
well separated, because the responses r, and r, are then essentially uncorrelated. The ratio % /ryss
is largest for systems with 7, =T, as this condition implies that responses r, and r, are perfectly
correlated; the largest value of 7. /ryss is equal to the upperbound in Equation (16) and Figure 3.
Thus the discrepancy between ryg and 7, may be significant for systems with closely spaced
periods of vibration and smaller values of the spectrum intensity ratio.

The critical angle of incidence depends on the period ratio 7;/7,, but not on the spectrum in-
tensity ratio. It varies between 45 and 90°, as shown in Figure 10(b). If 7./T, is much smaller or
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much larger than one, 0., is close to 90°, implying that the response reaches its critical value when
the stronger component of horizontal ground motion is applied along the y-axis of the structure.
Such is the case because in this range of period ratios, f>1 or r,>r for systems with 7, =0.5s.
For systems where T./T, is close to one, the critical angle is 45° for reasons identified in the
preceding section.

4. ONE-STOREY UNSYMMETRICAL-PLAN BUILDINGS
4.1. System and ground motion

Consider an idealized one-storey unsymmetrical-plan building with a rigid slab supported by any
number of lateral resisting elements oriented along directions x and y (Figure 11). The system has
three degrees of freedom: translations of the centre of mass (CM) along x- and y-directions and
rotation of the slab about a vertical axis passing through the CM. The eccentricity of the centre
of rigidity CR relative to CM is given by distances e, and e, (Figure 11); e,/r and e,/r are the
normalized eccentricities, where r is the radius of gyration of the floor about the vertical axis passing
through the CM. A 5 per cent damping ratio is assumed for each of the three vibration modes.
Introduced for reference purposes, T, T, and T are the vibration periods of the corresponding
symmetrical-plan (or torsionally uncoupled) system with e, =e, =0, but the mass and x-, y-, and
0-stiffnesses are identical to the coupled system.

The major and the intermediate principal components of ground motion are defined by A(7,) and
vA(T,), respectively, applied at incident angle 0 (Figure 11), where 4(7,) is the design spectrum
of Figure 5. No vertical ground motion is considered.

4.2. Critical response of one-way unsymmetrical systems

Consider first a system with mass and stiffness properties symmetrical about the y-axis (e,/r =0)
but unsymmetrical about the x-axis with e,/r =0.3. Its uncoupled vibration periods are defined
as follows: 7,=0.66s (the intersection of the constant and hyperbolic branches of the design
spectrum); 7, and 7 are varied, but 7,/7p =1. Ground motion in the x-direction excites the two
natural vibration modes (periods 77 and 7,) that contain coupled x-lateral and torsional motion.
Ground motion in the y-direction excites only the mode (period 73) that describes uncoupled motion
in the y-lateral direction. The periods of the three natural vibration modes are plotted against 7;/7,
in Figure 12(a).

We will study the edge displacement of the system in the y-direction (d,/r =1.225 for a square
plan) due to a single component (y=0) of ground motion acting at an arbitrary angle 6, which is
characterized by the design spectrum shown in Figure 5. For this response quantity, the correlation
coefficient o (Equation (7)), the response ratio f§ (Equation (11)), the critical angle 0. (Equa-
tion (10)), and the critical response 7., (Equation (14)) are computed and plotted as a function of
the uncoupled period ratio 7;/T,. The response has been normalized relative to the displacement of
the corresponding symmetric system, which is given by A(T,) = (27/T,)* = 14.67 cm. Also plotted
are the response values » (0=0°) and » (0 =90°), Equation (15), for the two special cases of
ground motion applied in the x-direction (0 =0°) and in the y-direction (0 =90°), respectively. The
latter response is independent of 7/7; because the response to ground motion in the y-direction,
the axis of symmetry, is independent of 7, and 7, is fixed. For 6 =0°, the displacement increases
as T, becomes larger.

Copyright © 2000 John Wiley & Sons, Ltd. Earthquake Engng Struct. Dyn. 2000; 29:1759-1778



CRITICAL RESPONSE OF STRUCTURES 1773

resisting elements

R

€x dx
Figure 11. One-storey unsymmetric building.

For the cases when 7,/T, <1 or > 1, the periods T} and T, are well separated from 73 (Figure
12(a)), the correlation coefficient o approaches zero (Figure 12(b)), the critical angle 0., approaches
90° when T,/T, < 1 and 0° when 7,/T, > 1 (Figure 12(c)), and the critical response 7, approaches
r (0=90°) for T;/T, <1 and r (0=0°) when T;/T, <1 (Figure 12(d)). These results can be
explained as follows: when T;/T, <1, f>1 (Figure 12(b)), which implies 7, is much larger than
ry, therefore the response is the largest when the ground motion is applied in the y-direction. The
opposite situation occurs when 7;/7, > 1, where f<1 (Figure 12(b)), implying that r, is much
larger than 7,; therefore the response is largest when the ground motion is applied in the x-direction.
For systems with 7; =T, oo =0 (Figure 12(b)); thus based on Figure 2, it would be expected that
Fer/Tass = 1. This is confirmed by the results shown later in Figure 13(a).

On the contrary, observe that when one of the natural vibration periods, 7} or T3, is equal to
vibration period 75 in Figure 12(a), the correlation coefficient o is close to —1 or +1, respectively,
p tends to 1 (Figure 12(b)), the critical angle is close to 135 or 45°, respectively (Figure 12(c)),
and the critical response 7., (Figure 12(d)) has two peaks that exceed the two responses » (0 =0°)
and r (6=90°). This observation can be explained as follows: When 7} or 7, is equal to T3, the
correlation between the modal responses increases, therefore the cross term 7y, and the correlation
coefficient o increases; 7y = T3 implies that 7,/7, =0.85, and T, = T3 occurs at I;/T, = 1.15, which
define the two peaks in the critical response values shown in Figure 12(d). In addition, the pa-
rameter f§ is close to 1 in the same period range. Thus, as pointed out previously in Figure 2, the
simultaneity of f approaching 1 and o approaching —1 or +1 leads to an increase in the critical
response with respect to the responses » (#=0°) and » (0=90°), as confirmed by the results
shown in Figure 12(d).

4.3. Critical response of unsymmetric systems

The ratio of the critical value of the response to its SRSS value, 7. /Fyss, is computed from Equation
(15) and plotted against the period ratio I;/7, in Figure 13. This figure is organized in three parts
to show (a) the effect of the spectrum intensity ratio y, for e,/r=0, e,/r=03 and T,/Ty=1;
(b) the effect of T./Ty, for e./r=0, e,/r=03 and y=0; and (c) the effect of the eccentricity
ei/r, for I,/Ty=1, e,/r=0.3 and y=0. The system presented in Figure 13(a) is the same one-
way, unsymmetrical system subjected to a single ground motion component that was presented
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Figure 12. (a) Natural vibration periods, (b) parameters « and f5, (c) critical angle, and (d) normalized
response for a one-way unsymmetrical building.

previously in Figure 12. The largest value of 7y /rss is 1.24 when y=0 and 7./T, = 1.15. When
y=0.5 and 0.75, the largest value of 7, /ryss is reduced to 1.15 and 1.08, respectively.

Varying T,/Tp (Figure 13(b)) leads to a decrease or increase in 7y /ryss, depending on the period
ratio T,/T,; Fu/Fuss is largest for systems when T;/Tp=1 and T./T, = 1.15. Similarly, varying the
eccentricity e,/r (Figure 13(c)) may lead to an increase or a decrease in the values of r/Fyss,
depending on T./T}; ry/rass is largest for systems when e./r=0 and T,/T,=1.15. For all sys-
tems considered herein, the largest value of r/russ is 1.24, corresponding to e./r =0, e,/r =0.3,
T./Ty=1, and T./T, =1.15, when the excitation is a single seismic component (y=0). For more
realistic values of the spectrum intensity ratio 7y, such as 0.75, the largest value of 7, /ryss is 1.08;
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Figure 13. Ratio of critical and SRSS responses: (a) Effect of y (ex/r=0, e,/r=0.3, T,/Ty = 1), (b) effect of
T:/Ty (ex/r=0, e,/r=0.3, y=0), (c) effect of ex/r (e,/r=03, T,/Ty=1, y=0).

these values are below the upperbound values presented in Figure 3. Results not presented here
indicate that r/ryss =1.12 when y=0.75 for the displacement of some resisting elements of a
building with a rectangular plan and an aspect ratio of 4.

5. CONCLUSIONS

1. An explicit formula has been derived to calculate the critical values of structural response
to two principal components of horizontal ground motion acting along any incident angle and the
vertical component of ground motion; the critical response is defined as the largest value of response
for all possible incident angles. Using this formula, the critical value can be computed from the
responses to single components of ground motion applied separately along the three structural
axes and the correlation between these responses. This explicit formula is convenient for design
purposes, especially code applications, because it avoids computation of the critical incident angle.

2. The ratio between the critical value of response and the SRSS response—corresponding to the
principal components of ground acceleration applied along the structural axes—depends on three
dimensionless parameters: the spectrum intensity ratio y between the two principal components
of horizontal ground motion characterized by design spectra A(7,) and yA(7,); the correlation
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coeflicient o of responses r, and », due to design spectrum A(7,) applied in the x- and y-directions,
respectively; and 8 =r,/r.

3. The ratio 7 /rys is bounded by 1 and [2/(1 + y?)]"/2, for any structure and spectral shape
under the assumption that both horizontal spectra have the same shape. Thus the largest value of
this ratio is v/2,1.26, 1.13, and 1.08 for y=0, 0.5, 0.75 and 0.85, respectively, implying that the
critical response is 1.13 times the SRSS response for typical values of the spectrum intensity ratio,
say 0.75; and never exceeds /2 times the SRSS response. The SRSS analysis gives the correct
critical response only if y=1, i.e. the two principal components of horizontal ground motion have
the same intensity, or if responses r, and 7, are uncorrelated.

4. The correlation coefficient « depends on the structural properties, but is always bounded
between —1 and 1 for any structure and spectral shape. For example, «=1 or —1 for some
responses of one-storey symmetrical buildings with identical vibration periods along the axes of
symmetry. Or, o is close to +1 or —1 for some responses of one-storey unsymmetrical buildings
if the vibration period of the mode with the largest contribution in the response to ground motion
in the x-direction coincides with the vibration period of the mode with largest contribution in the
response to ground motion in the y-direction.

5. For a fixed value of y, the ratio 7, /rgs is largest if f=1 and o= + 1. The parametric
variations presented for one-storey buildings indicate that this condition can be satisfied by axial
forces in columns of symmetrical buildings or can be approximated by lateral displacements in
resisting elements of unsymmetrical buildings.

6. The incident angle of the ground motion for which a structural response quantity is largest,
may define any direction in the horizontal plane, depending upon the system properties, the location
of the system natural periods on the spectrum being considered, and the shape of the spectrum;
however, r,/ryss is largest when the incident angle is either 45 or 135°.

APPENDIX A: BOUNDS FOR THE RESPONSE CORRELATION COEFFICIENT o

The cross term 7, and the response correlation coeflicient o are defined by Equations (3) and (7),
respectively. First we recognize that any set of peak modal responses to seismic motion in a given
direction, satisfy the following inequality:

> > pijrity = 0 (AD)
ij
From Equation (2), specialized for k =x and y, we can write
”x2 = Z Z PijTxitxjs f’f = E Z PijTyilyj (A2)
i L

Defining R,; = ry;/ry and R,; =ry;/r, and using Equation (A2), we note that
2222 pijRiiRy =323 pijRyiRy; = 1 (A3)
i J i

Let u; and v; be two modal responses defined as
u; =Ry + Ry, v, =R, — Ry (A4)
Then, according to Equation (Al) we can write

> pyuu; =0 and Y137 pyviv; =0 (A5)
i i j
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By substituting Equations (A4) into Equations (AS5), and using Equations (A3), (3) and (7), it can
be shown that

D Do Pty

SN pyuin; =2+ 2 2+ 2a (A6)

i }’xl"y

i 2 PijTxilyj

ZEPijUin=2—2—Zl 2y Py =2-2u (A7)

i j i1y

From Equations (AS5), (A6) and (A7), we can write
2420 =0, 2—-20=20 (A8)

Finally, from Equations (A8) we conclude that

—1<ax<1 (A9)

Hence the correlation coefficient is bounded between —1 and +1. This result is valid for any struc-
ture and any spectral shape, under the assumption that both horizontal spectra have the same shape.

APPENDIX B: BOUNDS FOR THE CRITICAL RESPONSE

Consider structural response to two principal components of horizontal ground motion acting along
any incident angle 0, relative to the structural axes. The critical response 7, defined as the max-
imum response considering all possible incident angles 6, is given by Equation (14). Also, the
SRSS response ryss was defined as the larger of the two responses for 6 =0 and 90°. Obviously,

Ter 2 Fass (B1)

From Equation (14) we note that 7 =7y only if 7, =0 (i.e. the correlation coefficient o =0).
Now, from Equation (1), we can write

H0.=1)= (7 + )" (B2)

Note that the right-hand term is independent of 6 and hence equal to the critical response. For any
other value of y, the critical response will be smaller. Thus,

re <+ (B3)
Furthermore, from Equation (14) it can be noted that 72 = +rf only when r, =rp, (ie. |af =1).

Let’s assume that 7y is defined by the response 7(0 = 0°) = (12 —&-“/zrf)l/ 2 (Equation (5)). Then,
Equation (B3) can be written as

5 +r)
2 222y )
Te < (5 +7713) @2 1) (B4)
or
7 +1)
2 x v
G < rsrssm (BS5)
x y
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which, by using the definitions of « and f (Equations (7) and (11)), becomes

2 2 (1+p%)

< —_— B6
Ter rSI‘SS(l +ﬁ2“/2) ( )

The function (14 f2)/(1+ ?y?) in Equation (B6) is an increasing function of f with a maximum
at f=1. Hence, Equation (B6) can be rewritten as

2
2 2

cr < Tsrss m (B7)

If we had assumed that ry was defined by the response (0 =90°) = (y*Z +r2)"* (Equation (5)),
following a similar procedure it is easy to show that the same Equation (B7) is obtained.
Finally, using Equations (B1) and (B7), the lower and upper bounds of the critical response are
2

S B8
1+92 (B8)

<

Tyss S Tor S Farss

where the lower bound is reached if the correlation coefficient «=0 and the upperbound if
o] =B =1.

It should be noted that these results are valid for any structure and any spectral shape, under
the assumption that both horizontal spectra have the same shape.
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