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Revisions to the three component model for seismic shear strength of
circular columns developed at UCSD are discussed in this paper.
The revisions suggested account for the effect of the concrete com-
pression zone on the mobilization of the transverse steel, as well as
the effect of aspect ratio and longitudinal steel ratio on the strength
of the concrete shear resisting mechanism.
The proposed model is compared with the previous UCSD model, as
well as the design approaches of the ATC-32 and Caltrans Memo
20-4 through the use of an experimental database consisting of 47
circular reinforced concrete bridge columns. For comparative pur-
poses, the proposed model is also compared with the ATC-40 assess-
ment approach. Results are presented in the form of the ratio of
experimentally recorded strength to design strength versus various
key design parameters. 

Keywords: columns; ductility; seismic; shear.

INTRODUCTION
Due to its brittle nature, shear is regarded as a mode of

failure that should be avoided in reinforced concrete bridge
column design. To provide a reinforced concrete bridge col-
umn with sufficient shear strength, it is imperative that the
shear strength be predicted in an accurate and dependable
manner. 

There have been various attempts at characterization of
shear strength, ranging from detailed finite element analysis
to simple hand calculations such as the ACI 318,1 ASCE/ACI
426,2 and ATC-32.3 The objective of this paper is to discuss
the revisions of a simple assessment and design model for
reinforced concrete columns that was developed at UCSD.4

The UCSD model has two unique aspects that are generally
not considered, namely, the separation of the axial load from
the concrete contribution into its own shear strength mecha-
nism, and a concrete mechanism strength that degrades with
increasing ductility. Three revisions to the UCSD model are
proposed in this paper to account for:

1. Effect of concrete compression zone on steel truss mech-
anism;

2. Effect of aspect ratio on the concrete shear resisting
mechanism; and

3. Effect of longitudinal steel ratio on the concrete shear
resisting mechanism.

ATC-32 SHEAR DESIGN EQUATIONS
In the following, all equations are given in S.I. units, and

the shear strength reduction factor is ignored. 
Nominal shear strength VN is given by

where

In Eq. (2), k1 = 1.0, except in the end regions of ductile
columns, where k1 = 0.5, and k2 = 13.8 for compressive axial
load Pe, and k2 = 3.45 for tensile axial load where Pe has the
negative sign.  In Eq. (3), Ahb is the cross-sectional area of the
hoop or spiral, with yield strength fyh, and hoop spacing or
spiral pitch s.  The core diameter, measured to the centerline
of the hoop or spiral, is     , and Ag is the column gross section
area.  

Assuming the defintion of ductile means a displacement
ductility of µ∆ > 1.0, then the ATC-32 equations imply a step
drop in design shear strength in the column end regions when
the displacement ductility reaches 1.0.

CALTRANS MEMO 20-4 ATTACHMENT B (M 20-4)
The Caltrans shear strength equations are primarily

intended as an assessment tool for determining the shear
strength of existing columns, rather than as a basic shear
design model.

Nominal shear strength is given by Eq. (1), where

and Vs is given by Eq. (3).  F1 and F2 are factors modifying
the shear strength dependent on displacement ductility level
µ∆ and axial load level Pe/Ag respectively, given in S.I. units
by

Thus, the correction factor for compressive axial load is
the same as the ATC-32 (and ACI-3181) factor for nonductile
columns (or nonductile regions of columns), but the concrete
shear resisting mechanisms are taken to have no strength
when the axial load on the column is tensile.

ATC-40 SHEAR ASSESSMENT EQUATIONS
Nominal shear strength is given by Eq. (1), where the con-

crete shear resisting mechanism strength is given in Eq. (7),
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and the steel truss mechanism strength is given in Eq. (8)

Note that in Eq. (7), the variable k1 equals 1 for a displace-
ment ductility of 2 or less, and 0 for a displacement ductility
greater than 2. Also note that Eq. (8) applies as stated for cir-
cular columns as well as rectangular columns. 

ORIGINAL UCSD SHEAR MODEL
The UCSD-A (assessment model) model for the shear

strength of reinforced concrete members expresses the nomi-
nal shear capacity of a column VA as the sum of three separate
components as shown in Eq. (9). The variable Vs represents
the shear capacity attributed to the steel truss mechanism. Vp
represents the strength attributed to the axial load, and Vc
represents the strength of the concrete shear resisting mech-
anism. The assessment model was formulated to provide an
average ratio of experimental to predicted shear strength of
unity. For design purposes, Eq. (9) is multiplied by 0.85 to
provide an effective lower bound to the database VD. Eq. (10)
is referred to as the UCSD-D model (design model)

Note that the 0.85 is not the commonly used shear
strength reduction factor of fs= 0.85, which would normally
also be applied to provide a dependable shear strength of fsVD. 

The concrete component Vc is one that degrades with
increasing ductility due to widening of cracks, which results
in reduced aggregate interlock. The expression for the
strength of the concrete shear resisting mechanism is shown
in Eq. (11).4 The g factor, which is a measure of allowable
shear stress, is shown in Fig. 1(a) versus curvature ductility,
and is approximated in Fig. 1(b) versus displacement ductili-
ty. Note that the g factor reduces with increasing ductility due
to the reduction in aggregate interlock as cracks widen

The axial load component Vp recognizes the shear strength
enhancement provided by axial load. The magnitude of the
axial load component is taken to be the horizontal component
of the diagonal compression strut that carries the axial load
and forms between the top and bottom of the column. For
columns in double bending, the axial load enters and leaves
the column through the center of the concrete compression
zones at the column top and bottom. For columns in single
bending, the axial load enters through the column centroid

and exits to the footing through the center of the concrete
compression zone. The axial load mechanism is given by Eq.
(12), where P is the axial load including seismic effects, D is

the column diameter, L is the length of column from the crit-
ical section to the point of contraflexure, and c is the neutral
axis depth.

The truss component strength is given by Eq. (13) for cir-
cular columns.     is the width of the confined core diameter
given by Eq. (14), where cov is the concrete cover to the out-
side of the longitudinal reinforcement, dbs is the diameter of
the transverse reinforcement, and θ represents the assumed

angle of inclination between the shear cracks and the vertical
column axis. θ is assumed as 30 degrees in the UCSD-A
model.
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Fig. 1—γ factor—original UCSD assessement model.
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REVISED UCSD MODEL
Truss mechanism

The development of the truss analogy for shear strength of
reinforced concrete members is generally credited to the engi-
neers Ritter (1899) and Morsch (1902) as noted by
MacGregor. Their work resulted in the expression shown as
Eq. (15).

Although Eq. (15) has been applied to both circular and
rectangular sections, it is not exactly correct for circular sec-
tions as it implies that the effective steel area is twice that of
the spiral area (although somewhat less as a reduced section
depth is generally assumed). Ang et al.6 recognized this and
derived an equation for the steel truss mechanism in circular
columns, which is shown as Eq. (13).6 Refer to the work of
Ang et al.6 for a derivation of Eq. (13).

In the derivation of the truss mechanism equation of Ang
et al.,6 it was assumed that a diagonal crack is able to mobilize
transverse reinforcement along a crack length extending the
full width of the confined core of the concrete. In the com-
pression zone of the column, however, any cracks are, by def-
inition, closed. Therefore, if the crack is closed, shear cannot
be transferred across it by tension strain in the transverse
reinforcement. From Fig. 2, it is apparent that a reduced col-
umn width of D-c-cov is appropriate for calculating the num-

ber of spirals or hoops mobilized by the cracks between the
compression struts. With reference to Fig. 2, a revised truss
component equation given by Eq. (16)7 can be obtained. Note
that in Eq. (16), the effective spiral area is now a function of
the neutral axis depth

Eq. (16) can be approximated by Eq. (17), where the inte-
gration is removed and the effective spiral area is approximat-
ed as (π/2)Asp

The ratio of Eq. (17) and (16) to the traditional form given
by Eq. (5) is plotted versus the c/D ratio in Fig. 3. Note that
both plots show that as the neutral axis depth increases, the
steel truss component strength decreases. At typical values of
c/D of 0.25 to 0.35, the revised truss component is 70 to 80%
of the traditional relation.

The approximate equation (Eq. (17)) is shown to be very
nearly equal to the exact equation, and is 5 to 10% conserva-
tive for typical values of c/D. It is therefore suggested that the
added simplification achieved by removal of the integration
yields acceptable results for design situations. For the work
presented herein, Eq. (17) is utilized. It is also possible to use
Fig. 3 as a design aid, where the steel truss mechanism
strength is calculated using the traditional equation given by
Eq. (13) and then multiplied by the appropriate value obtained
from Fig. 3 where the value is entered for the ratio of neutral
axis depth to section diameter. 

Concrete mechanism
Existing approaches for shear design have incorporated

effects for the column aspect ratio and longitudinal steel
ratio.2,8 It is logical that the shear strength be greater for
columns with smaller aspect ratios, as the confinement effect
of the adjacent members is greater in these situations. This
factor has not been accounted for in the existing UCSD
model, except insofar as the axial load component Vp increas-
es as the column length decreases.

It is also reasonable that a smaller longitudinal steel ratio
will result in a decrease in the strength of the concrete shear
resisting mechanism. This is due to three aspects. First, dowel
action from the longitudinal reinforcement will be smaller if
there are fewer numbers of small diameter bars. Second, crack
distribution will be more concentrated resulting in fewer,
more widely spaced cracks, which, in turn, results in a
decrease in the strength of the concrete aggregate interlock
mechanism. Third, the smaller compression zone resulting
from the reduced longitudinal steel ratio will, in turn, reduce
the compression zone shear transfer. This variable was also
ignored in the original UCSD model.

On the basis of these considerations, the concrete mecha-
nism strength was revised to give

In Eq. (18), the factor a accounts for the column aspect
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Fig. 2—Effect of concrete compression zone on truss mechanism.

Fig. 3—Revised truss mechanism strength.
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ratio, and is given by Eq. (19) (Fig. 4). The variable M/VD,
where M = moment and V = shear at the critical section, is
equivalent to the aspect ratio L/D, where L = distance from
critical section to the point of contraflexure. Note that it is
probable that the value for a continues to increase for M/VD
< 1.5, but no data are currently available to confirm this. 

The factor β is a modifier that accounts for the longitudi-
nal steel ratio, and is given by Eq. (20) (Fig. 5). The axial load
component given by Eq. (12) is unchanged

Re-examination of the test data resulted in a simplification

of the parameter γ, which represents the reduction in strength
of the concrete shear resisting mechanism with increasing
ductility. The revised relationship is shown in Fig. 6. 

COMPARISON OF MODELS
WITH COLUMN DATABASE

To validate the proposed model, 47 columns were ana-
lyzed. Results are presented in the form of graphs relating the
experimentally recorded strengths to the strengths obtained
from the revised and original models. The column database is
summarized in Table 1. Note that the database is divided into
three categories: 1) brittle shear failures (shear failure at dis-
placement ductility less than or equal to 2); 2) ductile failure
(shear failure at displacement ductility greater than 2); and 3)
ductile failures (no shear failures). Data for the latter catego-
ry have been selected from circular columns with a theoretical
shear strength close to the experimental maximum shear
forces, but which suffered ductile flexural failure. In Table 1,
the column number coincides with test number in the follow-
ing graphs, and the number in square brackets is the reference
for that test. Single (S) or double (D) curvature is denoted in
the subsequent column, while aspect ratio is the ratio of can-
tilever column height to column diameter. Lclear represents the
clear column height,   is the measured concrete cylinder
strength, Ah is the area of transverse reinforcement, fyh is the
transverse reinforcement yield stress, dbl is the longitudinal
bar diameter, fy is the longitudinal bar yield stress, ρs is the
transverse volumetric steel ratio, c is the neutral axis depth at
maximum response, D is the column diameter, cover is the con-
crete cover measured to the outside of the longitudinal bars, s
is the vertical spacing of transverse reinforcement, µ∆Exp is
the experimental displacement ductility at maximum record-
ed shear force, and P is the column axial load.

In determining the theoretical shear strength for test units
with shear failures at moderate flexural ductility, some care is
needed, since different interpretations are possible.  With ref-
erence to Fig. 7, which shows theoretical flexural force-dis-
placement response together with the theoretical shear
strength envelope, the predicted shear strength VT occurs at
the intersection of the two curves.  If the experimental ductil-
ity, however, is significantly smaller (µ1) or larger (µ2) than
the predicted ductility (µT), and the theoretical flexural
response is accurately predicted, then the experimental shear
strengths VE1 and VE2 corresponding to m1 and µ2 will be
very close to VT despite the large ductility discrepancy,
because the flexural response is almost flat over the range of
ductilities considered.  A comparison based on this approach
is more dependent on the accuracy of the flexural force-dis-

1 3 1 5≤ = − ≤α M
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Fig. 4—α factor—revised UCSD assessment model.

Fig. 5—β factor—revised UCSD assessment model.

Fig. 6—γ factor—revised UCSD assessment model.

Fig. 7—Assessing shear strength using UCSD model.
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placement response than on the shear strength envelope.
A more rational and more testing approach for the design

equations is to use the experimentally measured ductilities

directly with the shear strength envelope, without recourse to
the theoretical flexural response. With respect to Fig. 7, this
would result in predictions VT1 and VT2 for experimental fail-



ure at µ1 and µ2, and much wider divergences in the Vexp/Vdes
ratios.  This approach has been used in developing the exper-
iment/design ratios in this paper.

In Fig. 8 to 12, the ratios of experimental shear strength
to predicted shear strength are plotted against an arbitrary
test number axis. This ensures that each data point is separat-
ed from the others, and facilitates direct comparison between
the three design approaches. For all the figures shown, the
solid diamonds represent the ductile shear failures, the solid
squares represent the brittle shear failures, and hollow circles
represent the flexural failures. Shown first in Fig. 8 are the
ratios Vexp/Vdes for the original UCSD-D model, based on Eq.
(9) to (14). Note that although the scatter is not excessive, the
variation for the brittle failures range from a ratio of 0.87 to
1.65. Of particular concern would be the brittle Columns 1, 2,

and 3, and ductile Column 7, which all failed in shear before
their predicted failure load. 

The results of the revised UCSD-D model are shown in
Fig. 9. From this figure, the authors note that the range of
strength ratios for the brittle columns has been reduced sig-
nificantly. Also, the four columns with strength ratios less
than unity using the original UCSD-D model have much bet-
ter results with the revised UCSD-D model. Only one data
point is below the predicted strength, at 0.95. This is one of
four experiments carried out by Aregawi & Collins,13 which
utilized a test unit without strong support members (founda-
tion/cap beam) being modeled at the beam ends. These four
units are represented in Fig. 8 and 9 by stars inside squares.
Because of the nonstandard boundary conditions, the results
should probably be omitted, but they have been included for
completion. Note that all except two of the flexural failures
have design strength ratios less than unity, and the close
grouping of these at or near the unity line confirms the abili-
ty of the revised design equations to define the boundary
between flexural and shear failures.

The results for the Caltrans Memo 20-4 model are shown
in Fig. 10. Note that the vertical scale in this figure is expand-
ed compared with Fig. 8 and 9. From this plot, the authors
note significantly larger scatter than with the UCSD models,
from a low of 0.9 to a high of 4.3. Two further points are
worth noting from the results. First, only one of the columns
failed below the expected level, indicating that the method
predicts a satisfactory lower bound to strength. Second, two
of the columns that suffered a flexural failure exceeded their
expected shear capacity by nearly 50%. This and the rather
extreme scatter indicate undesirable lack of refinement of the
model.

The results for the ATC-32 model are shown in Fig. 11.
From these, it is apparent that the scatter is even greater than

Fig. 8—Original UCSD-Design model strength ratio vs. test  num-
ber.

Fig. 9—Revised UCSD-Design model strength ratio vs. test num-
ber.

Fig. 10—Caltrans Memo 20-4 strength ratio vs. test number.

Fig. 11—ATC-32 strength ratio vs. test number.

Fig. 12—ATC-40 strength ratio vs. test number.
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for the Memo 20-4 approach. The range for shear failures was
from a low of 1.25 to a high of 11.5 for a column subjected to
axial tension. It is also noted that the ATC-32 model is
intended to be a design model rather than an assessment
approach, and that varying degrees of conservatism are
expected. The scatter in some cases, however, is excessive.

The results for ATC-40 are shown in Fig. 12. Note that the
vertical scale in Fig. 12 is plotted from 0 to 5 to capture the
many data points beyond a strength ratio of 3. The scatter is
excessive for this approach, particularly for the brittle shear
failures that range from 0.8 to 4.2. In fairness, however, the
results are usually conservative, and the extreme errors asso-
ciated with the ATC-32 and Memo 20-4 approaches are

absent from the ATC-40 approach. It is, however, important
to note that the ATC-40 approach did not predict shear fail-
ures in brittle Columns 1, 2, and 3, which in fact did sustain a
shear failure.

For completion, the results for the UCSD-A model are
shown in Fig. 13 and 14. From these figures, it is noted that
the revised model clearly improves the results with the excep-
tion of the Aregawi columns, which were previously dis-
cussed. 

The remaining figures compare the revised and the origi-
nal UCSD-D model. In Fig. 15 and 16, the data is arranged
versus axial load ratio. From these plots, there appears to be a
clear trend towards decreasing conservatism with increasing

Fig. 13—Original UCSD-Assessment model strength ratio vs. test
number.

Fig. 14—Revised UCSD-Assessment model strength ratio vs. test
number.

Fig. 15—Original UCSD-Design model strength ratio vs. axial
load ratio.

Fig. 16—Revised UCSD-Design model strength ratio vs. axial
load ratio.

Fig. 17—Original UCSD-Design model strength ratio vs. dis-
placement ductility

Fig. 18—Revised UCSD-Design model strength ratio vs. displace-
ment ductility



axial load in the original model, which has been corrected in
the revised model. This is primarily the result of the influence
of increased axial load reducing the effectiveness of the truss
mechanism strength by increasing compression zone depth. 

Figure 17 and 18 arrange the results according to experi-
mental displacement ductility. In this case, the trend for the
original model was a decrease in conservatism with increasing
ductility, while for the revised model, no trend is apparent. 

Figure 19 and 20 illustrate the results for the data
arranged according to aspect ratio. Herein, the effect of the
aspect ratio modification, which comes into effect below an

aspect ratio of 2, is clear. For the original model, the brittle
failures at a low aspect ratio were the most conservative. After
the modification, which increases the strength for lower
aspect ratios, the conservatism decreases proportionally. 

Figure 21 and 22 arrange the data according to transverse
volumetric steel ratio. Herein, the effect of the steel truss
mechanism modification is clearly seen. In the original model,
the strength of the columns with a significant steel contribu-
tion (high transverse steel ratio) was, in one case, nonconser-
vative, and in the case of the assessment model, it was non-
conservative for several cases. By recognizing the reduced

Fig. 21—Original UCSD-Design model strength ratio vs. trans-
verse volumetric steel ratio.

Fig. 20—Revised UCSD-Design model strength ratio vs. aspect
ratio.

Fig. 19—Original UCSD-Design model strength ratio vs. aspect
ratio.

Fig. 22—Revised UCSD-Design model strength ratio vs. trans-
verse volumetric steel ratio.
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steel contribution, the expected strength has been lowered,
resulting in more acceptable results, as shown in Fig. 22.

The last arrangement is shown in Fig. 23 and 24, where
the data are arranged according to longitudinal steel ratio.
Herein, the modification based on the longitudinal steel ratio
is evident, as the columns with longitudinal steel ratios less
than 2.5% whose strength was overpredicted using the origi-
nal UCSD-D model provide more reasonable results with the
revised model, as shown in Fig. 24.

A summary of the average and standard deviation for the
test series is shown in Table 2 arranged according to brittle
and ductile failures. From this, note that for brittle failures,
although the average is essentially the same, the standard
deviation for the revised UCSD-D model has improved signif-
icantly. For the Memo 20-4, ATC-32, and ATC-40 approach-
es, the average and standard deviation are much worse, par-
ticularly the ATC-32 approach, although that is due mainly to
the column that was off by a factor of 11.5. The UCSD-A
model is shown in the last columns, again indicating the
improved standard deviation for the revised model.

For the ductile failures, the revised model has improved the
standard deviation significantly, although the average values
are slightly worse. The Memo 20-4, ATC-32, and ATC-40
approaches each have poor results, although the standard
deviation is somewhat less than for the brittle failures.

CONCLUSIONS
Revisions to a three component shear strength model

developed previously at UCSD were presented. The revisions

include modifications for the effect of neutral axis depth,
aspect ratio, displacement ductility, and longitudinal steel
ratio. The revised model was compared with the original
model, as well as the models of ATC-32,3  ATC-40,18 and the
Caltrans Memo 20-4.19 The comparison was made through
an analysis of a column database spanning 47 columns.

The revised model was shown to improve the overall scat-
ter of the experimental database when compared with the
original model. It was also shown that the UCSD shear model
provides much better correlation with data than the ATC-32,
ATC-40, and Caltrans approaches. 
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